FLUID EQUATIONS AS MOMENTS OF THE BOLTZMANN
EQUATIONS

Let us consider the Boltzmann equation in the form
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Let he distribution function has the form
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where X labels the coordinate vector, v the velocity vector and ¢ the sort of particles
(electrons, ions).

Let us define the following moments:
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Here, n,,7,, P, are the density, the averaged velocity and the stress (pressure) tensor of the

a th component, respectively.

For the isotropic distribution, the pressure is scalar
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The moments of the Boltzmann equation (the index “a “is leaving out) will then be used for
the derivation of the equation of continuity and of the fluid equation of motion.




1. The continuity equation — the lowest moment — is derived by means of the integration of
the Boltzmann euation, as follows:
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where for the force F we choose the Lorentz force

F=q(E+3xB). ®)

The first term of the foregoig equation gives:
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Let us consider the term .[\7 Vf dv . Here, v is an independent variavbe (together with ¥ ) and

from this follows that v is not affected by the gradient V. Consequently,
[3-Vf o=V [5 f =V -(n7)=V (n2) (10)

where Vv =u is the averaged velocity.
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Since according to assumption f vanishes faster than —-, the integral over
v?

E, vxB vanishes also.
Since collisions cannot change the total number of particles, also the integral over
%) . .
(—ji) vanishes. Consequently, the zero momentum of the Boltzmann equation reeds:

ot
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and gives the continuity equation.

The next moment, which derives the equation of motion, is obtained by multiplyting the
Boltzmann equation by m v and integrating over d ¥ . This form then reeds:

mjv———dv+mj v-Vf dv+qI (F%»v* :}@fdv-fm (6f) V. (12)

Let us now express all terms of the foregoing equation
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mjv%dv=m%jvfdv=m-:—t(nﬁ) (13)
qjv(Eszé)%dv:-qu%-[v(E+vx1§)]dv=—qn(E+axE), (14)

where we have used the assumed property of the distribution function lim,__ f (v) —0 and
the property

o = _ =
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Further, the last term gives
m[V-(f39)dF=mV-[fv5d7. (16)
Expressing
V=i+w a7

where u represents the averaged velocity and # the thermal velocity, and using the identity
V-(niii)=aV-(ni)+nE-v)i, (19)

the term m _“V . ( fv 17) d vV can be expressed as

m[V-(f39)dv =miaV-(na)+mn(@-V)a+V-p. (20)

Here, P=m nw W is the stress tensor. Further, we have used the following identity (e.g., in
Cartesian coordinates)
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Expressing further the colision term 13l ; in the form
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where v, ; is the collision frequency between i, and j, fluid component (e.g. between

electrons and ions) and inserting the terms (13), (14), (16), (20) and (22) into (13), we obtain
the equation of motion on the following form:
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mn[%J,(ﬁ.V)ﬁ]=qn(E+ﬁxl§)—V~ﬁ+ g (23)

For the isotropic case, V- P=V p.

The complete set of fluid equations must be closed by the Maxwell equations and by the
equation of state and form the following system:
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u,u,, E, B.

This forms 18 scalar equations for #,,n,, p, p,




THE SINGLE-FLUID MAGNETOHYDRODYNAMIC (MHD)
EQUATIONS

In the MHD model, the separate identities of electrons and ions do not appear.

Instead, the mass density p, mass velocity ¥V, current density j and charge density o
are defined as follows:

p=mM+n,m= n(M+m)

MV, +mv,
M+m

Mv.+n mv )=

G=ni qi +ne Qe'

Here, eis the electron charge, n, , M ,v, and n, ,m,V, are density, mass and averaged

velocity of the ion and electron component, respectively.

Let us consider the fluid equation of motion for the ion and electron component:
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Here, P, wmn, (¥, -7, Jv.,, where v,; is the collision frequency.
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We now add equations (24), (25), obtaining
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n%(Mfz,. +m¥,)=en(, —7,)xB~Vp

since f’,.e =—1_’e,- and p=p, +p,.

Using our definition for the mass density, velocity and current, we obtain from the

foregoing equation the MHD motion equation
p—=fxE—Vp. (26)

The equation of continuity for mass p can be simly obtained from the equations for

continuity of electron and ion components, multiplying them by the ion and electron

masses, respectively and added. The resulting MHD continuity equation then reads:
= +V-(p¥) =0. Q7

We shall now derive the generalized Ohm’s law. Let us multiply Eq. (24) by m and
Eq.(25) by M and substract the latter from the former. This will result in the following

equation
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Let us express the collision term P, as follows

P, =ne*n’ (i)-i —{;e)'
Here, 7 is the specific resistivity.

Then, using our definitions for the mass density, velocity and current, we obtain

Mmn a[]
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Using further the following expression
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and dividing the equation (28) by ep, neglecting m << M and considering —a‘?-; ~0, we

finally obtain the generalized Ohm’s law

E+5xﬁ=qj+l—0xé—vp) (29)
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where, usually, the last term can be neglected.

Consequently, the system of MHD equations is

op C

— +V. =0
7 (p¥)
ov - =
— = jxB-V

Pat J p

‘which must be completed by the Maxwell equations

& V-E=c




