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Chapter 1Introduction1.1 Motivation and aims of our workPhenomena produced by thermal radiation forces and torques have been extensively studiedduring last 20 years, since they were recognized to be very important with respect to the dy-namics of small Solar System bodies. A phenomenon which is known as the Yarkovsky e�ectis able to secularly change the semimajor axis of an orbit, while the YORP e�ect a�ects therotation state of a body.The Yarkovsky force and the YORP torque were previously calculated with many constrain-ing assumptions like spherical shapes, circular orbits, small variations of the surface tempera-ture, principal axis rotation, constant thermal parameters, etc. We developed a model of theYarkovsky/YORP e�ect without such simpli�cations. With this model we were able to studythermal phenomena in more complex circumstances.1.2 A brief review of our researchAt �rst we focused on the YORP e�ect recently re-discovered by [Rubincam, 2000]. We stud-ied the YORP e�ect on a sample of arti�cially generated shapes, roughly resembling MainBelt asteroids, and also on several shapes of real asteroids [�Capek and Vokrouhlick�y, 2002],[Vokrouhlick�y and �Capek, 2002]. These bodies were approximated by a polyhedral description,we assumed that their surface has a zero thermal conductivity and their orbits were circular.We then improved our model and took into account the �nite thermal conductivity andelliptical orbits. With this model we determined the Yarkovsky e�ect on asteroid (6489)Golevka for the purpose of the direct detection of the semimajor axis drift [Chesley et al., 2003].The same model was used for the more general investigation of in
uence of the �nite ther-mal conductivity on the YORP e�ect [�Capek and Vokrouhlick�y, 2004] and prediction of thedetection of the YORP e�ect on asteroid (25143) Itokawa. The subsequent improvement ofour model allowed to determine the Yarkovsky e�ect for tumbling asteroid (4179) Toutatis[Vokrouhlick�y et al., 2005a] and the binary system 2000 DP107 [Vokrouhlick�y et al., 2005b].The last modi�cation of the model allowed us to incorporate the temperature and spatial de-pendence of material parameters of an asteroid. It was used for the determination of Golevka'sregolith parameters [�Capek and Vokrouhlick�y, 2005b].As a result we have developed a sophisticated model which has following features: (i) it isable to describe very complicated shapes of asteroids by polyhedral representation, with severalthousands surface triangular facets. (ii) It assumes arbitrary eccentric orbits. (iii) The rotationof the body can be both regular or tumbling. (iv) The insolation term (necessary for thedetermination of the surface temperature) is computed including mutual shadowing between1



CHAPTER 1. INTRODUCTION 2di�erent parts of the body's surface. (In the case of binary systems it takes into account mutualeclipses between the components.) (v) The surface temperature (needed for the evaluation ofthe thermal force and torque) is solved numerically for each surface facet individually, usingone-dimensional heat di�usion equation without any linearization. This approach assumes thebody is larger than several tens of meters. (vi) Thermal parameters of the body can dependboth on the temperature and the depth.1.3 Structure of the thesisThis thesis is divided to four chapters and �ve appendices. Chapter 2 is devoted to the com-mon base of the thermal e�ects: forces produced by a radiation. Chapter 3 deals with theYORP e�ect, while Chapter 4 discusses the Yarkovsky e�ect. There are brief summaries atthe end of both chapters. In the Appendices we present details about our numerical modelof the Yarkovsky/YORP e�ect: �rst, we deal with methods of solution of the heat di�usionproblem (Appendix A). Then we present the polyhedral representation of the asteroidal shapes(Appendix B), the method for generation of arti�cial Gaussian shapes (Appendix C) and alsoseveral examples of shapes resembling real bodies (Appendix D). Finally we present a list ofpublications (Appendix E), with reprints of some of them (Appendix F).



Chapter 2Radiation and corresponding forcesLet us suppose the situation in Figure 2.1, where the Sun illuminates the surface element of anasteroid. The incident direct solar radiation (D) is partially re
ected (R) and partially absorbed(C). The surface with non-zero temperature emits thermal radiation (T). Here we shall derive theexpressions for the forces that are applied on the surface element due to these three componentsof radiation.

Figure 2.1: Direct (D), re
ected (R) and thermally re-emitted (T) radiation from a surfaceelement of an asteroid.2.1 Direct solar radiationThe energy dE of the solar radiation, hitting the oriented surface element dS during the timedt can be expressed as dE = � s � n dS dt;or dE = 0;if the Sun is below the local horizon. Here, � denotes the solar energy 
ux (in W/m2 units)at the given distance from the Sun, s the unit vector aiming towards the Sun and n the outersurface normal. The force dfsrp produced by the solar radiation pressure1 is1Note that the relationship between the momentum and the energy of a photon is p = E=c, where c denotesspeed of light (e.g., [Swihart, 1971]). 3



CHAPTER 2. RADIATION AND CORRESPONDING FORCES 4dfsrp = ��c s s � n dS ; (2.1)where c is the speed of light. Integrating (2.1) over the surface � of a body we obtain the totalforce fsrp produced by the solar radiation pressure:fsrp = Z� dfsrp :Under normal circumstances, this force points directly from the Sun thus it is not able tosecularly change the semimajor axis of an orbit. For larger bodies it only e�ectively weakensthe solar gravitation, but it can even surpass the solar gravitation for particles with very smallmass-to-area ratio. This usually occurs for < 1�m dust particles, e.g. [Bertotti et al., 2003].[Vokrouhlick�y and Milani, 2000] showed that the direct radiation pressure (i.e., the absorbed andre
ected radiation together) can produce observable long-term orbital e�ects for non-sphericalbodies or for bodies with nontrivial albedo distribution. The total torque Tsrp, correspondingto the direct radiation pressure, can be calculated asTsrp = Z� r� dfsrp ;where r denotes the radius vector. It is able to cause small variations of rotation during onespin period; over longer time scale it completely vanishes. [Breiter et al., 2007] showed that thetorques produced by direct radiation pressure acting on spheroids are zero.2.2 Re
ected radiation

Figure 2.2: Re
ection of direct solar radiation on a surface element dS. Here � is the 
ux ofthe solar radiation, n is the unit outer normal to dS, the unit vector s points to the Sun andthe unit vector v parallel to the re
ected radiation, is described by spherical angles � and �.A part of incident photons is not absorbed but it is immediately re
ected into the spacein the optical band. Let us suppose the situation in Figure 2.2 describing geometry of theincident and re
ected radiation. The direction of re
ected radiation is characterized by theunit vector v, which can be described by angles �, � with respect to the base (i, j, n) asv = (sin � cos�; sin � sin�; cos �). The intensity of the radiation re
ected in the direction v canbe expressed as



CHAPTER 2. RADIATION AND CORRESPONDING FORCES 5IR(s;v) = ��(s;v);where �(s;v) represents a re
ectance (or scattering) function and � the incident 
ux. Let usintroduce the hemispheric albedo AH by the relation (see [Breiter et al., 2007]):AH(cos �0) = 1� cos �0 2�Z�=0 �=2Z�=0 IR(s;v) v sin � d� d� dS ; (2.2)where cos �0 = s � n: The recoil force acting on the surface element dS is given bydfR = �1c 2�Z�=0 �=2Z�=0 IR(s;v) v cos � sin � d� d� dS : (2.3)Assuming Lambert's law of di�use re
ection, we can express the intensity of the re
ected radi-ation as (e.g. [Breiter et al., 2007]): IR = A�s � n� ; (2.4)where A = const. With this approximation (which has been used in the whole text), theresulting force acting on dS reads dfR = �2A�3c s � nn dS : (2.5)Integrating (2.5) over the surface � of an asteroid we obtain the whole recoil force arising fromre
ected radiation: fR = Z� dfR :Under normal circumstances, this force is not able to change the orbit of a body on a long timescale (like the force caused by direct radiation). On contrary, the torqueTR = Z� r� dfR (2.6)of this re
ected-radiation force does not vanish and it is able to change the rotation of the body.In fact it is equal to the YORP with the assumption of zero thermal conductivity multiplied bya factor A=(1�A). For bodies with higher albedo, such as the E-type asteroids, it is necessaryto take this re
ected-radiation torque into account.2.3 Thermal radiationAssuming isotropic emission, the intensity of a black body radiation can be expressed byStephan-Boltzmann's law:



CHAPTER 2. RADIATION AND CORRESPONDING FORCES 6B(v) = ��T 4� ; (2.7)where � = 5:67051� 10�8 W=m2=K4 is the Stephan-Boltzmann constant, � the emisivity and Tis the temperature. Similarly as in Section 2.2, the recoil force due to the thermal radiation canbe expressed as dfth = �1c 2�Z�=0 �=2Z�=0 B(v) v cos � sin � d� d� dS ; (2.8)which is equal to dfth = �23 ��T 4c n dS ; (2.9)In the case of zero thermal conductivity (K=0), all absorbed solar energy is immediately re-radiated and the resulting force on a non-shadowed facet can be expressed asdfK=0th = �2(1�A)�3c s � nn dS : (2.10)For a shadowed facet dfK=0th = 0. In reality, even shadowed facets experience thermal recoilforce because their temperatures T are not zero, but this needs to be determined using heatdi�usion in the body.The total thermal force acting on the asteroid is given by an integration of (2.9) over asteroid'ssurface: fth = Z� dfth : (2.11)This represents the thermal (Yarkovsky) force. It is able to secularly change the semimajor axisof an asteroid's orbit. This e�ect arises from an anisotropic temperature distribution (due tothe �nite thermal inertia) across the surface2. The precise knowledge of the surface temperatureT is necessary (see Appendix A).The total thermal torque acting on the asteroid is given by integration over it's surface:Tth = Z� r� dfth : (2.12)This thermal torque (or the YORP torque, Chapter 3) is able to change the spin rate andobliquity of the body. The main di�erence between the YORP and the Yarkovsky e�ect is thatthe YORP is strongly dependent on the shape of an asteroid (it a�ects only bodies with a certainamount of \windmill" asymmetry3). The Yarkovsky e�ect is nonzero for rotating sphere butvanishes for zero thermal inertia. On the other hand, the YORP e�ect is nonzero even for avanishing thermal conductivity (i.e., without any thermal lag).2The thermal emission from irregularly shaped surface with zero thermal inertia is not able to change the orbiton a long scale.3For example, it does not a�ect spheroids [Breiter et al., 2007].



CHAPTER 2. RADIATION AND CORRESPONDING FORCES 7Isothermal bodyOur numerical results show that fth = 0 and Tth = 0 for an isothermal body of an arbitraryshape. This is in accordance with an intuition but we shall prove it in a rigorous way. Let usrecall Gauss' theorem in vector analysis:I� a � dS = ZV r � a dV ; (2.13)where the �rst integral is over the closed surface �, the second over the corresponding enclosedvolume V , a represents a general vector �eld. The Gauss' theorem gives rise to the followingidentities (e.g. [Sedl�ak and �Stoll, 1993]):I� b dS = ZV rb dV ; (2.14)I� dS� a = ZV r� a dV ; (2.15)where b is a general scalar �eld.Let Tc be a constant temperature of the body. The total thermal force isfth = �23 ��c I� T 4c dS = �23 ��c ZV r �T 4c � dV = 0 : (2.16)Here we used Equations (2.9), (2.11), (2.14) and the assumption of the constant temperature Tc(i.e., rTc = 0). Similarly, the thermal torque can be expressed asTth = �23 ��c T 4c I� r� dS = 23 ��c T 4c ZV r� r dV = 0 : (2.17)Here we used Equations (2.9), (2.12), (2.15) and the well-known relation r� r = 0. We can seeclearly, that neither thermal force nor thermal torque a�ect a body with a constant temperature.2.4 Example: (1620) GeographosHere we shall demonstrate the e�ect of the direct, re
ected and thermal radiation on the as-teroid (1620) Geographos. We assumed the following orbital parameters: semimajor axis a =1:24547 AU, eccentricity e = 0:3354, inclination i = 13:34�, argument of perihelion ! = 277:8�,longitude of ascending node 
 = 337:3� and the pole of rotation � = 55�, � = �46�. Therotation period is P = 5:22484 hours. We used the density of surface layers �s = 1:7 g/cm3, thebulk density �b = 2:5 g/cm3, the thermal conductivity K = 0:02 W/m/K, the thermal capacityc = 680 J/kg/K and the Bond albedo 0:2. The shape was represented by a polyhedron with 4092surface triangular facets according to [Hudson and Ostro, 1999]. (See also Appendix D.) Weused a numerical one-level scheme (see Appendix A) to model forces and torques correspondingto the direct, re
ected and thermal radiation.The magnitude of radiative acceleration can be seen in Figure 2.3. The left plot showsperturbations of the semimajor axis da=dt of the orbit during �rst 12 hours after the perihelion



CHAPTER 2. RADIATION AND CORRESPONDING FORCES 8

Figure 2.3: Perturbations of semimajor axis by the thermal radiation (solid curve), re
ectedradiation (dashed curve) and direct radiation (dotted). Left: Perturbations during the �rst 12hours after passage of perihelion. Right: Perturbations averaged over spin period during onerevolution about the Sun. The perihelion passage corresponds to t = 0. The orbit-averagedvalue of the semimajor axis drift hda=dti produced by direct and re
ected radiation is zero, butthermally induced hda=dti = �1:26 � 10�4 AU/Myr.passage and the right one shows these perturbations averaged over spin periods during one wholerevolution about the Sun.The thermal acceleration is able to secularly change semimajor axis by a mean (i.e. orbit-averaged) rate hda=dti = �1:26� 10�4 AU/Myr. The variations caused by this force are shiftedwith respect to the variations produced by the re
ected radiation due to �nite thermal inertia.The re
ected radiation is able to produce short-term perturbations but their orbit-averagedvalue is zero (the actual value � 10�7 AU/Myr is due to minor numerical inaccuracies in ourmodel). Perturbations of semimajor axis produced by direct radiation are precisely symmetricwith respect to the perihelion. They can be the largest for a short term but their orbit-averagede�ect is also zero (� 10�8 AU/Myr due to numerical round-o� errors).We demonstrate how the radiative torques a�ect the spin rate in Figure 2.4. The left plotshows perturbations of the spin rate d!=dt during 12 hours after passage of perihelion while theright one shows the perturbations averaged over the spin period during the whole revolutionabout the Sun.The thermal torque produces both short-term and long-term perturbations of the spin rate,with the orbit-averaged value � 2:4�10�19 s�2. These perturbations are somewhat shifted withrespect to the perturbations produced by re
ected radiation which has a smaller amplitude. Thevalue of the orbit-averaged perturbations of re
ected radiation is � 6 � 10�20 s�2. The directradiation produces only short-term variations of the spin rate, but the orbit-averaged value iszero (� 10�21 s�2 due to numerical inaccuracies).Note the resulting torque strongly depends on the shape model. See Section 3.4.2.
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Figure 2.4: Perturbations of the spin rate d!=dt by the thermal radiation (solid curve), re
ectedradiation (dashed curve) and direct radiation (dotted curve). Left: The perturbations duringthe �rst 12 hours after passage of perihelion. Right: The perturbations averaged over the spinperiod during one revolution about the Sun. The perihelion passage corresponds to t = 0. Theorbit-averaged value of perturbations of spin rate hd!=dti produced by direct radiation is zero,but thermally induced hd!=dti = 2:4� 10�19 s�2.



Chapter 3The YORP e�ect3.1 IntroductionThe rotation of small asteroids or meteoroids is modi�ed especially by mutual collisions withother small solar system bodies [Farinella et al., 1992] and by solar and planetary tides. More-over, a dissipation of free-precession energy inside larger bodies (which are though to be rubblepiles) causes a principal-axis rotation [Burns and Safronov, 1973], [Efroimsky and Lazarian, 2000].Aditionally, there are several non-gravitational e�ects caused by absorption, re
ection orreemission of the solar radiation, that can also change rotation. For example [Radzievskii, 1954]showed that small (� cm) body with a realistic albedo distribution across the surface can be spunup by solar radiation to the disruption limit on a time scale of thousand years. [Paddack, 1969]studied a possibility of destruction of small meteoroids and tektites due to the rotational �ssion.His \windmill e�ect" is due to the re
ection of sunlight from surface of body with an appropriateshape. He estimated this e�ect is able to spin up a several cm long body, composed from tektiteglass, to the bursting limit in about 60 000 years.General properties of the YORP e�ect. Recently, [Rubincam, 2000] investigated spin-ning up and down of small asteroids due to the infrared emission from their irregularly shapedsurfaces. He named this phenomenon the YORP e�ect as an acronym of Yarkovsky{O'Keefe{Radzievskii{Paddack (four names of planetary scientists). Rubincam computed thermal torqueson bodies that were assumed to be (i) blackbodies with (ii) zero thermal conductivity on (iii) cir-cular orbits around the Sun and (iv) rotating about the principal axis of inertia tensor. Theirshapes were described by (v) spherical harmonic expansion of the shapes of real asteroids. Ru-bincam showed there are two important components of the YORP torque. The �rst one is ableto change the rotation rate and the second one the obliquity of the asteroid. Both componentsdepend on the obliquity. Rubincam's conclusions are: (a) The YORP e�ect is able to spin upor spin down an asteroid with 5-km radius during 108 years. (b) The YORP e�ect dominatescollisions in the inner Solar System for bodies with radius R smaller than 5 km and it dominatestidal encounters for bodies with R < 1 km. (c) The YORP may be responsible for the observedexcess of slow and fast rotators among small asteroids. (d) Due to inevitable interplay betweenthe torque a�ecting rotation rate and torque a�ecting obliquity, a rotational bursting due to theYORP e�ect actually happens very rarely. (e) The YORP e�ect may explain rotation states ofseveral NEAs.[Vokrouhlick�y and �Capek, 2002] studied the YORP e�ect on 10 shapes of real bodies (8asteroids and Phobos and Deimos) and also on a sample of 500 automatically generated shapescorresponding to small Solar System bodies. They assumed the Rubincam's approximation11i.e., asteroids are blackbodies with zero thermal conductivity on circular orbits around the Sun and rotating10



CHAPTER 3. THE YORP EFFECT 11but used polyhedral description of shapes of asteroids instead. They classi�ed the bodies intofour classes according to the dependance of the YORP e�ect on the obliquity. Most often theobliquity is slowly driven to 0�=180� or 90� and the rotation is asymptotically decelerated. Onlya minority of the bodies is asymptotically accelerated. They also present several examples of thespin-state evolution due to the YORP e�ect where also gravitational torques due to the Sun andgravitational perturbations of the orbit by planets play an important role. They realized theYORP e�ect may be important for driving the rotation into resonances between the precessionof the spin axis due to the solar torques and the precession of the orbital plane by planetaryperturbations. In the case of small members of the Themis family, the evolution due to theYORP alone describes the evolution quite well whereas in the case of Flora family asteroids theevolution of rotation is usually much more complicated.[�Capek and Vokrouhlick�y, 2004] analyzed the in
uence of the surface thermal conductivityK both on a sample of arti�cial shapes and on several real bodies for which the possibilities ofthe YORP detection were also discussed. They found, unlike in the zero conductivity model,the YORP e�ect preferentially drives the spin axis to be perpendicular to the orbital plane(i.e., the obliquity 0� or 180�) for the realistic values of K. They also found a nearly completeindependence of the YORP component a�ecting the spin rate on surface thermal conductivity.They showed that asymptotical spinning up and down are equally likely and (unlike the resultsof [Rubincam, 2000]) the rotational bursting due to the YORP e�ect can be relatively common.[Vokrouhlick�y et al., 2007] eliminated the principal axis rotation constraint used in previousstudies and numerically integrated Euler's equations for several bodies. They found several newasymptotic states and analytically proved an onset of the tumbling caused by the YORP insteadof slow-rotation asymptotic state.[Scheeres, 2007] derived linearized analytical equations describing evolution of spin rate andobliquity of uniformly rotating asteroids due to YORP e�ect. (Non-zero thermal inertia wasinvolved by simpli�ed \thermal lag".) He also introduced several dimensionless parametersdependent only on the shape and mass distribution across the body, which describe the strengthof YORP e�ect. He was able to analytically con�rm a lot of results on general YORP propertiesobtained previously by numerical studies.[Breiter et al., 2007] derived an analytical expression for the YORP torque acting on spheroidsand proved the YORP does not contribute to the long-term evolution of their rotation.The observation of the YORP e�ect in the Solar System. [Slivan, 2002] photometri-cally observed rotation of several Koronis family members and found a surprising anisotropy oftheir spin axes distribution. The prograde rotators have spin periods between 7.5 and 9.5 hoursand obliquities 42� � 50�. On the other hand, spin periods of retrograde rotators are < 5 h or> 13 h and their obliquities are � 154�. Moreover, he found the longitudes of spin axes areclustered. Such distribution can not be explained by mutual collisions.[Vokrouhlick�y et al., 2003] succeded to explain the non-random distribution of the obliqui-ties and spin periods of the Koronis family asteroids as a consequence of the YORP e�ect.They used a numerical model involving torques produced by re
ected and thermal radiationas well as gravitational e�ects of the Sun and planets. With a wide range of initial conditions(shapes, spin periods and obliquities) they reproduced the observed distribution of the spin axes.[Vokrouhlick�y et al., 2003] found that the s6 spin { orbit resonance is important for the prograderotators resulting in the capture of the spin axes longitudes. Their research showed the YORPe�ect may be more important to changing rotation state than collisions for bodies < 40 km indiameter.[Vokrouhlick�y et al., 2004] investigated a possibility of direct detection of the YORP e�ectabout the principal axis of the inertia tensor.



CHAPTER 3. THE YORP EFFECT 12on the asteroid (25143) Itokawa by precise measurement of its rotation period or rotation phase.They used a generalized model of the YORP e�ect, taking into account a �nite thermal con-ductivity of asteroid's surface, actual elliptical orbit and proper spin axis orientation. Theypredicted an observable 1 � 3 hr delay of the lightcurve maximum in January, 2004. Unfortu-nately their results were incorrect due to aninaccurate shape model and some other mistakesalso (see Section 3.4.2).[Scheeres et al., 2007] used a more precise shape, rotation pole and mass of Itokawa, deter-mined by the Hayabusa mission ([Demura et al., 2006], [Gaskell et al., 2006], [Saito et al., 2006]),and calculated how the YORP a�ects the asteroid's rotation rate. They found Itokawa's rotationis decelerated so that doubling time is 50 000 { 90 000 years (see Equation (3.10)). They predictthe detection of the YORP e�ect for Itokawa during future apparitions. They also discussed thedistant-past rotation history of Itokawa and concluded, Itokawa's rotation was accelerated. 100{ 180 Myr ago, spin period of Itokawa reached 6.5 hours, corresponding to the bursting limit.Then the shape had been changed to the present state and it has been decelerated since thattime (However, they noticed the possibility that Itokawa had a close approach with the Earthduring this period, which could also change it's shape.)Recently, the YORP e�ect was directly detected for small (� 57 m) near-Earth asteroid(54509) 2000 PH5 ([Lowry et al., 2007], [Taylor et al., 2007]). The acceleration of rotation (2:0�0:2) � 10�4 deg/day2 was determined from radar and lightcurve data. This value correspondsto the theoretical prediction by the YORP model calculated for the shape of (54509) 2000 PH5,simultaneously determined by photometry and radar.In the same time, [Kaasalainen et al., 2007] analyzed (1862) Apollo's photometric observa-tions from 1980 to 2005. These authors concluded that Apollo's spin behaviour is not consistentwith the assumption of a constant period of rotation. They found a change angular velocityd!=dt = (5:3� 1:3)� 10�8 rad/day2. For the shape determined by photometry they calculatedcorresponding YORP e�ect and found that it is consistent with observed d!=dt, such that theyinterpret acceleration of Apollo's rotation rate by e�ects of YORP.Here we shall present some of our results concerning the YORP e�ect. In Section 3.2 wederive expressions of YORP evolution of asteroid's rotational state. Basic facts concerningYORP e�ect are demonstrated on a simple example in Section 3.2.1. Following Section 3.3 isdevoted to study of YORP e�ect on large sample of arti�cial bodies. Section 3.3.1 is basedon our paper [Vokrouhlick�y and �Capek, 2002] and describes YORP dependence on obliquity,while 3.3.2 is based on [�Capek and Vokrouhlick�y, 2004] and deals with the thermal conductivitydependence of YORP. The YORP e�ect on the real asteroids is presented in 3.4, which is basedon [�Capek and Vokrouhlick�y, 2004]. In the case of asteroid Itokawa we corrected our resultsfrom [Vokrouhlick�y et al., 2004].3.2 Theory of the YORP e�ectThe YORP e�ect changes spin state of an irregularly shaped body due to the thermal torque.This torque is caused by a recoil force due to thermal emission from surface, heated by absorptionof sunlight. The thermal torque was expressed in previous chapter by Equation (2.12). Thetorque arising from the re
ected radiation also contributes to the total torque (see Section 2.2).The torque T changes the angular momentum L of the body (with respect to the inertial frame)according to the relation dLdt = T; (3.1)If we assume that dissipation of the rotation energy inside the body is so rapid, that any non-principal axis rotation is quickly damped and thus the body rotates around the shortest axis
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Figure 3.1: Three coordinate systems: Ecliptical system (X � Y � Z) de�ned bythe plane ofecliptic and the vernal equinox X, the orbital system de�ned by orbital plane and perihelionand �nally the equatorial system de�ned by the base vectors e?1, e?2 (the intersection of theequatorial and the orbital plane) and e (parallel with the spin vector).of the inertia tensor (corresponding the moment of inertia C), the angular momentum will besimply L = C!e; (3.2)where ! denotes the angular velocity and e corresponds to the unit vector of the spin axis. Thistogether with (3.1) leads to the expressiond!dt e+ edt! = TC ; (3.3)The scalar product of this equation with the vector e allows us to express the change of theangular velocity due to the torque2: d!dt = T � eC = T!C (3.4)Substituting (3.4) back into (3.3), we obtain the expression for the change of the spin axisdirection: dedt = T� (T � e)eC! : (3.5)The spin vector direction e is usually characterized by the obliquity � which is the angle betweenthe spin vector and the normal to the orbital plane, and by the precession angle in longitude . The components of the unit vector e with respect to the inertial system connected withthe orbital plane of the body, where x� axis corresponds to the nodal line (see Fig. 3.1), are2Here we use that _e � e = 0, because d(e � e)=dt = 2_e e and e � e = 1.



CHAPTER 3. THE YORP EFFECT 14e = (sin � sin( + 
); sin � cos( + 
); cos �). The scalar product of (3.5) and the unit vectorN, perpendicular to the orbit of the body, leads to the expression for the change rate of theobliquity �: d�dt = T � e?1C! = T�C!; (3.6)where e?1 = (N � e)e�Nsin � : (3.7)The rate of change of the precession angle  can be derived by a cross product of Equation (3.5)and the vector N. After some algebra we haved dt = T � e?2C! = T C! ; (3.8)where e?2 = N� esin � : (3.9)So, the thermal torqueT has three components (T�; T ; T!) with respect to the system (e?1; e?2; e)which change the obliquity, the angle of precession and the angular velocity.Useful quantitiesThe characteristic timescale of the YORP-driven evolution of the rotation rate can be describedby the quantity called doubling time [Rubincam, 2000]:td = !h _!i = C!hT!i : (3.10)After the time td the YORP e�ect increases the rotation rate ! twice or decrease it to the halfvalue. This is because !(t) is quasilinear in time.The quantity describing the windmill asymmetry - windmill factor - of the given shape canbe de�ned as'w = 12 0B@�1 +vuuut1 + 2� (2 +p2)V e � 2�Z�=0 Z� �(r; s;�) r� s � nn dS d�1CA ; (3.11)where V denotes volume of the body, e the unit vector of the spin axis, r the position vector ofthe surface element dS, n the outer unit normal of dS and s the unit vector perpendicular tospin axis. (In the body-�xed frame it can be expressed as s = (cos�; sin�; 0).) The integrationis realized over the surface � of the body and over one revolution of s about the spin axis. The\mutual shadowing" function �(r; s;�) is equal to 1 if half-line starting at r and propagating inthe direction s does not intersects the surface � and it is equal to 0 in the opposite case.This expression is established on the basis of computing the YORP e�ect for a simple bodycomposed of cylinder with two wedges, as described in following Section 3.2.1. The windmill
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Figure 3.2: A simple test body. The small letters denote the axes of the body-�xed frame, whilethe capital letters the inertial frame. The facets causing the non-zero torques are denoted by\A" and \B" and � represents the angle of rotation about Z-axis.factor is a dimensionless parameter and it depends only on the shape of the body. In reality ithas value approximately from �0:15 to 0:15, but most frequently for usual asteroid-like shapes,the absolute value j'j is about 0:015. The positive value indicates spinning up of the body andthe negative value indicates spinning down.There is a simple relationship between the windmill factor 'w and the mean change of theangular velocity caused by the YORP e�ect, under the assumption of a circular orbit, zerothermal conductivity K, zero albedo A and zero obliquity �:h _!i = �2(2�p2)3�c �d2 'w(1 + 'w)� mC ; (3.12)where � is the solar 
ux at the heliocentric distance d, � is the bulk density of the asteroid andm its mass.3.2.1 The YORP e�ect on a windmill shapeHere we shall explain the basic YORP efect properties, using an example of the arti�cial bodyshown in Figure 3.2. It is composed from a cylinder with two wedges. This body rotates aboutthe z-axis and the Sun shines from the X�axis direction. At �rst, we express the thermal torqueacting on arbitrary surface element. Let us suppose that all incoming radiation is immediatelyre-radiated as a thermal radiation. This means there is no thermal conductivity of the surfacematerial, no thermal lag. Assuming the thermal emission obeys Lambert's law, the thermalradiation pressure acting on i-th surface element Si causes the forcef i = �2Ei3c Si;where Ei is the incomming solar energy (W=m2) and c the speed of light. This force acting onthe arm ri results in a torque



CHAPTER 3. THE YORP EFFECT 16Ti = ri � f i:The whole thermal torque acting on the body is the sum over all its surface elements:T = Xi Ti:The mean change of the angular speed ! over the time is given byh _!i = 1C hTzi;where C is the principal moment of inertia around the spin axis and hTzi = R P0 Tz dt =P denotesmean z�component of the thermal torque T.Let us now compute the thermal torques applied on the windmill from Figure 3.2. The jacketof the cylinder as well as its bases do not cause any torque, because any force acting on eachfacet has a zero arm. The only facets that can cause a thermal torque are the inclined facetsdenoted by A and the facets perpendicular to the xy�plane denoted by B. These facets havethe outer normals nA = 1p2 0@ � sin�cos�1 1A ; nB = 0@ sin�� cos�0 1A ;the area SA = ahp2, SB = ah and the armsrA = rB = R+ h2 0@ cos�sin�0 1A :The incomming solar energy (neglecting mutual shadowing) can be expressed asEA = � 0; � 2 h0; �i�SA nA � s; � 2 h�; 2�i; EB = � �SB nB � s; � 2 h0; �i;0; � 2 h�; 2�iwhere � is the solar 
ux at the asteroid's orbit and s = (1; 0; 0) is the direction toward the Sun.Putting all these facts together we obtain a mean torque caused by one wedge:h�zi = 2�p23c � ah(R + h):The principal moment of inertia can be approximated by the moment of inertia of the cylinderpart of the body: C = 12(�R2a�)R2:Finally, the mean change of the angular velocity caused by the two wedges can be expressed ash _!i = �4(2�p2)3�c �0d2 'w(1 + 'w)�R2 ; (3.13)where �0 = 1366 W=m2 is the solar 
ux at 1 AU, d is semimajor axis of the orbit (in AU units)and 'w the dimensional-less windmill factor, which can be expressed as 'w = h=R in this simplecase.
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Figure 3.3: Doubling time for the body from Figure 3.2 as a function of radius of the body. Thesolid line corresponds to time necessary for double the rotation period due to YORP e�ect forbody with windmill factor 'w = 0:014, bulk density � = 2:5 g=cm3 and orbit with semimajor axisd = 2:5 AU. Period of rotation is assumed P [hr] = 0:01R[m]. Dashed line describes timescalecorresponding to reorientation of the spin axis due to collisions in the Main Belt.Let us now estimate a characteristic timescale of the YORP acting on the body. Using (3.13)and (3.10) the doubling time is:td = 0:05 yr 1'w(1 + 'w) �1 hrP �� d1 AU�2� �1 g=cm3�� R1 m�2 (3.14)We can see the dependence of the doubling time on the radius of the body in Figure 3.3.We used Equation (3.14) and assumed windmill factor3 'w = 0:014, period of rotation P [hr] =0:01R[m] and bulk density � = 2:5 g=cm3. The solid line corresponds to the semimajor axisd = 2:5 AU. Dashed line denotes the timescale tcol corresponding to complete change of the spinaxis due to collisions according to [Farinella et al., 1998]:tcol = 3:34 � 106yr� R1m� :In the radius interval from 10 meters to 10 km, the YORP doubling time is smaller than typicalcollisional reorientation time. Then the YORP e�ect predominates the collisions in the evolutionof spin axes for the bodies with assumed properties in the Main Belt.Though expression (3.13) was derived for the body and situation described above, it can begeneralized and we can summarize the YORP e�ect dependance on several parameters:� Our �rst simple model (i.e., the equation describing the long term evolution of the rotationstate) is valid only for bodies with su�ciently fast rotation which is strong enough to dampany deviations from principal axis rotation via inelastic dissipation of energy inside thebody [Efroimsky and Lazarian, 2000]. If the spin period increases up to several hundredshours, the asteroid begins to tumble and the approach used here is unreliable. This slowrotation limit has been studied by [Vokrouhlick�y et al., 2007].� The shape is the key property a�ecting the YORP e�ect. There are no thermal torquesacting on spheres, triaxial ellipsoids or other bodies with lack of \windmill asymmetry"(The analytical proof can be found in [Breiter et al., 2007].) It can be roughly describedby the windmill factor 'w.3The main belt asteroids have hj'w ji ' 0:015.



CHAPTER 3. THE YORP EFFECT 18� The YORP (i.e., mean change of angular velocity) decreases with square of the size of anasteroid / 1=R2. It is important only for bodies smaller than, say � 10 km in diameter4� The shape of the orbit, especially the semimajor axis is important. The YORP decreasewith square of the distace from the Sun / 1=d2.� The YORP decreases with the bulk density of the body as 1=�.This simple model does not describe the dependence of the YORP e�ect on mutual positionof the spin axis and the orbital position of the spin axis and the orbital plane, and also on thermalbehaviour of the surface material. The dependence of the YORP e�ect on these quantities isdiscussed in Section 3.3

4On the other hand, the dissipation of the free-rotation energy does not operate for very small bodies andmoreover the temperature di�erences between the insolated and shadowed facets are minimal due to fast rotationand e�ective heat transfer through the body. These facts are not included in this simple model.



CHAPTER 3. THE YORP EFFECT 193.3 Statistical study of the YORP e�ectHere we shall demonstrate the diversity of the YORP results with respect to various parameters.By computing the YORP torqe on several asteroids with known shapes we can conclude thatthe shape of the body is the most important characteristic that determines the overall e�ect.Since the YORP depends sensitively on shape, we decided to study this e�ect on a large sampleof Gaussian random spheres that su�ciently describe the shape characteristics of small asteroidsin the Main Belt (see Appendix C).We use a polyhedral description of shapes which consists of a list of surface vertices and theirmutual identi�cations as triangular facets. This description allows us to determine the volume,inertia tensor, surface area and self-shadowing of the surface in a simple way (see Appendix B).We are interested in the long-term evolution of the spin state. Hence we discuss the torqueshT�i and hT!i averaged over rotation and revolution cycles.3.3.1 Obliquity dependence { the YORP classi�cationThis section is based on [Vokrouhlick�y and �Capek, 2002]A study of the dependence of the YORP on obliquity was performed for 500 Gaussian randomspheres orbiting on a circle with radius 2:5 AU. All bodies rotated about the shortest axis ofinertia tensor with a period P = 6 hr. The bulk density was �bulk = 2:5 g=cm3 and the volumecorresponding to the sphere with radius 1 km. The surface thermal conductivity was assumedK = 0 and albedo A = 0. For each value of the obliquity (� goes from 0� to 180� with a 30�step) the thermal force causing the YORP torque was determined according to (2.10) for allsurface facets in 250 000 points during the orbital period. The �nal YORP torque was given bya sum over the whole body's surface (2.12) and an averaging along the orbit.According to the dependence of the YORP component hT�i on obliquity � we can distinguishfour principal types. Their description follows. We also attempt to illustrate a typical evolutionof the spin axis of each type due to the YORP e�ect alone. We neglect in
uence of the grav-itational torques due to the Sun and planets as well as meteoroid impacts. (These e�ects onrotation state are discussed in [Vokrouhlick�y and �Capek, 2002].) We use the four-order Runge-Kutta integrator with a timestep of 100 years. We compute the evolution of the spin axis for theinitial rotation period of 6 hours and various initial obliquities. Each integration was stoppedwhen the YORP e�ect increased the spin period to the value equal to the orbital period.Type I. Figure 3.4a shows the averaged YORP torques hT�i=C and hT!i=C for one of Gaussianrandom spheres. This type is characterized by positive values of hT�i=C in the (0�; 90�) obliquityrange and negative values for � 2 (90�; 180�). This means (see Equation (3.6)) that obliquityof such body will be driven to the \asymptotic obliquity" �f = 90�, i.e., the spin axis will beparallel with the orbital plane. The torque a�ecting the rotation rate hT!i=C is negative for� 2 (50�; 130�), and consequently the rotation of the asteroid is decelerated in this obliquityrange and accelerated elsewhere. Type I is (together with Type II) the most probable YORPtype and represents approximately 40% of all cases for the zero thermal conductivity.Figures 3.4b and 3.4c show the evolution of obliquity and rotation rate during 50 Myr. Weassumed the initial rotation period to be 6 hours. Initial obliquities were chosen with a step of10�. For example, an obliquity with initial value �0 = 80� monotonously increases and after� 38:5 Myr reaches 90�. The corresponding rotation frequency monotonously decreases andafter the same time reaches zero. The rotation of bodies with smaller initial obliquities evolvesmore slowly. If the initial obliquity is smaller than � 55�, the rotation rate initially increasesuntil this obliquity is reached. For instance, rotation of a body with �0 = 10� is acceleratedduring the �rst � 24:3 Myr.
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Figure 3.4: The YORP-type I: a) The dependence of hT�i=C (solid line) and hT!i=C (dashedline) on the obliquity, b) the evolution of obliquity, c) evolution of rotation rate. For explanationsee the text.The evolution of obliquities of bodies with �0 > 90� is symmetric with respect to the valueof 90�. This means that obliquities monotonously decrease and �nally reach 90� after the sametime as bodies with initial obliquity 180� � �0. Nevertheless, the rotation rates evolve in thesame way.The rate of obliquity change depends also on angular velocity; if a body rotates slowly,obliquity changes faster and vice{versa.After the obliquity of a body reaches 90�, its rotation rate falls to zero. Our model is notable to described the YORP e�ect during this slow rotation limit consistently. One of the basicpresumptions - principal axis rotation - is not valid in this state. [Vokrouhlick�y et al., 2007]studied this limit and realized onset of non-principal axis rotation of slow rotators due to theYORP e�ect. The non{YORP e�ects (solar or planetary torques or meteoroid impacts) play animportant role during slow rotation state.Type II represents just an opposite case to the Type I (see Figure 3.5b). Here, hT�i=C isnegative in (0�; 90�) and positive in the (90�; 180�) obliquity range. Obliquity of this body willmove to �f = 0�, if the initial obliquity �0 is less than 90�, or to �f = 180�, if the initial obliquity�0 is larger than 90�. The spin axis becomes perpendicular to the orbital plane. The spin rateincreases due to positive value of hT!i=C for � 2 (55�; 125�) and decreases elsewhere. The TypeII is (together with Type I) the most probable YORP-behaviour and represents approximately40% of all cases for zero thermal conductivity.Evolution of obliquity and rotation frequency can be seen in Figure 3.5b and 3.5c. The initialconditions are the same as in the case of Type I. Focusing on the curve with initial obliquity80� we see that obliquity is decreasing to zero. Rotation rate increases during �rst � 20 Myr
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Figure 3.5: The YORP-type II: a) The dependence of hT�i=C (solid line) and hT!i=C (dashedline) on obliquity, b) the evolution of obliquity, c) evolution of rotation rate. For explanationsee the text.(obliquity is > 55� and hT!i > 0 here) and then decreases to zero. The zero rotation rate aswell as zero obliquity is reached after � 46 Myr.Spin states of bodies with smaller initial obliquities evolve faster. Some of them do notundergo a phase of acceleration of rotation frequency, because their obliquity has never beenlarger then 55� and therefore hT!i is always less than zero.Bodies with �0 > 90� have a similar evolution. In this case the obliquity increases up to 180�and it is symmetrical to cases with �0, while the evolution of the rotation rate is the same.For the slow rotation limit, see the discussion in the previous paragraph.Type III represents a more complicated case than types I and II discussed above (see Figure3.6). There are two asymptotic obliquities: the �rst one in (0�; 90�) obliquity interval and thesecond one in (90�; 180�). In the particular case of Figure 3.6 these asymptotic obliquities are�f = 44� and �f = 136�. The spin axis will be tilt to the �rst one, if the initial obliquity is lessthan 90�, and tilt to the second one, if initial obliquity is higher then 90�. The dependence ofhT!i=C on � di�ers from case to case, but in the asymptotic obliquities it is always negative.Type III represents less probable case of YORP behaviour (7%).We can see from Figure 3.6b, that obliquities of bodies with �0 < 90� are driven to the value44�, but they reach this obliquity after longer time than 50 Myr. Obliquities � higher then 90�evolve toward value of 136�. In each case the rotational speed is �nally decelerated, but somebodies undergo a phase of spinning up before deceleration (Figure 3.6c).Type IV. There are three asymptotic obliquities for the type IV. The �rst one is �f = 0� andthe spin axis tilt to this value if the initial obliquity is less than 42�. If �0 is more than 138�, the
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Figure 3.6: The YORP-type III: a) The dependence of hT�i=C (solid line) and hT!i=C (dashedline) on obliquity, b) the evolution of obliquity, c) the evolution of rotation rate. For explanationsee the text.spin axis is driven to �f = 180�. If initial obliquity lies inside (32�; 138�) range, the asymptoticobliquity will be �f = 90�. The behaviour of hT!i=C di�ers from case to case again.The YORP e�ect drives obliquities of bodies with �0 < 45� to �nal value 0�, while initialobliquity greater than 135� is driven to � = 180�. If �0 is between 45� and 135�, the obliquityevolves toward 90�. The evolution of the spin rates is similar as in the previous cases. Initiallysome bodies undergo a spin up but �nally all of them are decelerated.SymmetriesGeneral dependence of averaged torques on obliquity can be described by these symmetries5:hT�i(�) = �hT�i(180 � �); (3.15)hT!i(�) = hT!i(180 � �): (3.16)Another symmetry stems from change of the spin axis orientation to the opposite one. This isimportant in the situations when a body is decelerated to zero angular velocity and then spunup in the opposite direction. Then: � �! 180 � �; (3.17)hT�i(�) �! �hT�i(�); (3.18)hT!i(�) �! �hT!i(�): (3.19)5derived from the geometry of the problem
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Figure 3.7: The YORP-type IV: a) The dependence of hT�i=C (solid line) and hT!i=C (dashedline) on obliquity. b) the evolution of obliquity, c) the evolution of rotation rate. For explanationsee the text.Note that all these symmetries are valid only for bodies with zero thermal conductivity oncircular orbits. An elliptic orbit and non{zero thermal conductivity lead to deviations fromsymmetries mentioned above.3.3.2 The non{zero conductivity of the surface materialThis section is based on [ �Capek and Vokrouhlick�y, 2004].Here we discuss our statistical investigation of the in
uence of conductivity of the surfacematerial on the orbit-averaged YORP torques hT�i and hT!i for a sample of 200 Gaussianrandom spheres. We assume three di�erent values of surface conductivity: K = 0, 0:001 and0:01 W=m=K. The thermal conductivity represents a very important quantity { it can vary byseveral orders of magnitude for di�erent materials. This is discussed especially in Appendix Aand Section 3.4.1.We assumed that orbits are circular with a = 2:5 AU and period of rotation are 6 hr. Thevolume corresponded to a sphere with radius 1 km, the bulk density was �bulk = 2:5 g=cm3, thesurface density was a bit smaller �surf = 1:7 g=cm3, the thermal capacity was c = 680 J=kg=Kand albedo A = 0.The computation of surface temperature was performed by a one-level scheme (see AppendixA), with a non-constant spatial step, increasing as a geometrical series with quotient q � 1:0725,and a time step �t = 500 s (it corresponds to � 8� of rotation). The temperature computationalong the orbit was made so many times, until the temperature di�erence between the lasttwo turns was less than 0:5 K. The lower boundary condition was put down in the depth 15`s,



CHAPTER 3. THE YORP EFFECT 24where `s represents the penetration depth of a seasonal temperature wave. For more details seeAppendix A.We focused mainly on the following characteristics of the YORP e�ect:1. An abundance of particular YORP-types.2. A fraction of asymptotically accelerated bodies.3. A strength of the YORP torque. An appropriate quantity describing the torque componenthT!i (which a�ects the angular velocity) is the doubling time td. The amplitude of hT�itorque component (in units degrees per Myr) was chosen a description of obliquity change.Zero conductivity. We studied this quite unrealistic limit case at the beginning of our in-vestigation, because it is simple to evaluate { it is not necessary to solve HDE in this case. Thethermal force (and torque) can be determined directly from insolation (see (2.10)). This allowsto compute YORP e�ect for relatively large number of bodies.Figure 3.9 shows orbit averaged rate of change of the obliquity and Figure 3.9 shows orbitaveraged rate of change of the rotation speed. Among 200 Gaussian random spheres, there isroughly the same number of type I and type II objects: 40:0% and 46:5%, respectively. Thismeans almost the same number of spin axes are driven to asymptotic obliquities 0�=180� and90�. Among 500 Gaussian random spheres the di�erence between occurrences of these two typesis even smaller6 A minority of cases is represented by type III (7%) and IV (6:5%). The rotationof only 2% of all the bodies is accelerated in the asymptotic obliquity; all these cases correspondto bodies of type III or IV. Strength of the YORP torque can be characterized by a median ofdoubling times which is 14 Myr, and by a median of hd�=dti amplitude, which is 3 �=Myr (seeFigure 3.11a,b).Conductivity 0:001W=m=K. We chose this value to describe a thermal behaviour of highlyparticulated regolith-like surface. This is actually close to the lunar regolith value. The compu-tation of the HDE is necessary here.The balance between the YORP types I and II disappears completely in this case, as we canseen in Figure 3.8. A lot of types I transform to types II: only 7% of bodies remain in the type I,while 88% form type II. As a consequence the spin axes are driven with a higher likelihood tothe asymptotic obliquity 0�=180�. The spin rate a�ecting YORP torque is almost the same asin the case of zero obliquity, as shown in Figure 3.8. This means that all types I transformed totypes II will be asymptotically accelerated (40% of al the bodies).Type III is represented by 5% of objects and there is no type IV. The median of doublingtimes is 13 Myr and the median of hd�=dti amplitude is 6 �=Myr (see Figure 3.11c,d).Conductivity 0:01W=m=K. This thermal conductivity value was chosen to describe surfacecomposed of a mixture of regolith and fresh rock.The largest di�erence between abundance of types I (95:5%) and types II (3:5%) can be seenin Figure 3.10. The number of asymptotically accelerated bodies as well as spin axes driven to0�=180� is even higher than in the case of K = 0:001 W=m=K. Abundance of types III and IV isthe same - 0:5%. This corresponds to the most powerful YORP e�ect among among the studiedconductivities: The median of doubling times is 12 Myr and the median of hd�=dti amplitude is9 �=Myr (see Figure 3.11e,f).6Abundance of type I, II, III and IV are 39:2%, 40:4%, 10:2% and 6:2%. The remaining 4% correspond tocases with a more complicated evolution.



CHAPTER 3. THE YORP EFFECT 25thermal conductivity abundance of types d�=dt td # of accelerated(W=m=K) I II� II+ III IV (deg/Myr) (Myr) %0.000 40 46.5 0 7 6.5 3.33 14.3 20.001 7 52.5 35.5 5 0 5.94 13.1 400.010 3.5 52 43.5 0.5 0.5 8.60 11.9 45Table 3.1: In
uence of surface conductivity on the abundance of di�erent YORP-types and theYORP evolution timescale among 200 (or 500 in the case of zero conductivity) gaussian randomspheres. The II� (II+) denotes YORP type II with the asymptotic deceleration (acceleration)of rotation.3.3.3 DiscussionThe study of the YORP e�ect on a large sample of arti�cial shapes, corresponding to smallMain Belt asteroids with the assumption of zero thermal conductivity, shows that shapes canbe divided according to the obliquity-a�ecting YORP component T� into four principal groups.The Type I is driven to the obliquity 90� and rotation is asymptotically decelerated. Type IIis characterized by driving the initial spin axis to obliquity 0� or 180� and asymptotic spinningdown again. Less frequent types III and IV have more complicated behaviour, but in most casesthey are also asymptotically decelerated.The statistical study of YORP e�ect on a sample of Gaussian random spheres shows thatthe surface thermal conductivity K strongly a�ects YORP component T�, which changes theobliquity, while spin rate a�ecting torque T! is nearly independent on the surface conductivityK. Very low value of conductivity (zero limit) results in an equal likelihood of driving the spinaxes to the asymptotic obliquity 0�=180� and 90� and the rotation of the most of bodies isasymptotically decelerated. More realistic values of conductivity (0:001 and 0:01 W=m=K) leadto higher likelihood of driving spin axes to the obliquity 0�=180� and almost equal probabilityof accelerating and decelerating rotation in the asymptotic states. The quantitative results aresummarized in Table 3.1.We also found that the rotation of bodies with obliquity � ' 55� and � ' 125� is neitheraccelerated nor decelerated.The YORP evolution timescales are shorter than collisional timescales. The YORP e�ectis then able to signi�cantly accelerate the rotational speed (maybe up to a bursting limit) ordecelerate it (to the state of very slow tumbling rotators).Our model is not able to describe the YORP e�ect in these two limit states. In the case ofvery fast rotators it is because of very large CPU expenses and in the case of very slow rotators(and also in case of bodies with size comparable to penetration depth of seasonal temperaturewave { i.e. meteodoids) due to possible non-principal axis rotation of such bodies and morecomplicated heat di�usion inside of them.Since the YORP component T! does not depend on the surface thermal conductivity K, theapproximation of zero K can be used for modeling the short-time evolution of spin states due tothe YORP e�ect. For instance, it can be used for the prediction and subsequent direct detectionof the YORP e�ect. On the other hand, the T� depends on the thermal conductivity. The modelwith the �nite value of the surface thermal conductivity should be used for an investigation ofthe long-time evolution of the spin states due to the YORP e�ect.
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Figure 3.8: The orbit averaged YORP e�ect as a function of obliquity for 200 Gaussian randomspheres for thermal conductivity K = 0:001 W/m/K. The �gures in the left column representthe orbit-averaged rate of change of the obliquity hd�=dti, while the �gures in the left columnrepresent the orbit-averaged change rate of angular velocity hd!=dti. The upper row describesType I objects, the lower one Type II. Here, the Type II is more likely. Type I producesasymptotic deceleration while Type II produces both deceleration and acceleration of rotation.
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Figure 3.9: The orbit averaged YORP e�ect as a function of obliquity for 200 Gaussian randomspheres in case of a zero conductivity limit. The �gures in the left column represent the orbit-averaged rate of change of the obliquity hd�=dti, while the �gures in the left column representthe orbit-averaged change rate of angular velocity hd!=dti. The upper row describes Type Iobjects, the lower one Type II. Both cases are equally likely and both produce an asymptoticdeceleration of rotation.
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Figure 3.10: The orbit averaged YORP e�ect as a function of obliquity for 200 Gaussian randomspheres for thermal conductivity K = 0:01 W/m/K. The �gures in the left column representthe orbit-averaged rate of change of the obliquity hd�=dti, while the �gures in the left columnrepresent the orbit-averaged change rate of angular velocity hd!=dti. The upper row describesType I objects, the lower one Type II. A great di�erence between the number of Type I andType II bodies can be seen clearly. Type I produces asymptotic deceleration while Type IIproduces both deceleration and acceleration of rotation.
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Figure 3.11: Histograms of statistical distributions of the characteristic timescales of the YORPe�ect acting on sample of 200 Gaussian random spheres for conductivity K = 0 W=m=K (upperrow, a and b), K = 0:001 W=m=K (middle one, c and d) and K = 0:01 W=m=K (lower row, eand f). The left column shows the distribution of maximal obliquity change rate. Small linesat the bottom of plots represent actual values and the arrow is the median value. Tn the rightcolumn we present distribution of doubling time at the asymptotic values of obliquity.



CHAPTER 3. THE YORP EFFECT 303.4 The YORP e�ect on individual bodiesThis section is based on [Vokrouhlick�y and �Capek, 2002] and [Vokrouhlick�y et al., 2004].We chose several asteroids with available shape models and investigated how the YORPe�ect acts on these bodies. We study both the YORP dependence on the thermal conductivityfor bodies on circular orbits [�Capek and Vokrouhlick�y, 2004] and how it a�ects angular veloc-ity of asteroids in actual con�guration including possible direct detection of the YORP e�ect[Vokrouhlick�y et al., 2004].3.4.1 The YORP dependence on the surface thermal conductivityThe material properties, like the density � and thermal capacity c of small Solar System bod-ies can be roughly determined by laboratory measurement of its meteorite equivalents (e.g.[Yomogida and Matsui, 1983]). In the case of the surface thermal conductivity K the situationis more complicated. We do not know the composition and degree of porosity of surface materialand then have to assume some similar material measured in laboratory, or use measurements ofthe lunar soil returned by Apollo missions (e.g. [Cremers, 1972])Another way to determine K is to use data from infrared observations [Delb�o et al., 2006],[Delb�o et al., 2007] or measurements of non-gravitational (Yarkovsky) semimajor axis drift whichis strongly dependent on asteroid's surface thermal inertia [Chesley et al., 2003]. The value ofthe thermal conductivity can vary by several orders of magnitude. For highly particulated re-golith it can be K ' 10�4 W=m=K, while for fresh iron surface K ' 80 W=m=K. Moreover,[Delb�o et al., 2007] discovered a dependence of thermal inertia on asteroids diameter. So, thevalue of thermal conductivity of surface is the most uncertain quantity of all.Here we present a study of the YORP e�ect dependence on the thermal conductivity K. Weused several bodies with precisely determined shapes and assumed they are on a circular orbitabout the Sun with semimajor axis a = 2:5 AU. Other important quantities are listed in Table3.2. The surface thermal conductivity varies from 10�9 W=m=K to 10 W=m=K.semimajor axis 2:5 AUperiod of rotation 6 hoursbulk density 2:5 g=cm3surface density 1:7 g=cm3thermal capacity 680 J=kg=Kalbedo 0.1emissivity 0.9Table 3.2: Orbital and physical parameters used for the study of the YORP K-dependence. Theorbit is assumed circular and the thermal conductivity in the range h10�9; 101iW=m=K.The computation was performed by a one-level scheme with a non-constant spatial step whichis increasing as a geometrical series with a quotient q = 1:0725, and a time step �t = 500 s (itcorresponds to � 8� of rotation phase). The computation of surface temperature along theorbit was made several times, until the temperature di�erence between the last two turns wasless than 0:5 K. The lower boundary condition was applied in the depth 15`s, where `s is thepenetration depth of seasonal temperature variations. For more details see Appendix A.
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Figure 3.12: The orbit averaged rate of change of the angular velocity ! (left) and obliquity� (right) due to the YORP e�ect for asteroid (433) Eros. Grey levels denote di�erent surfacethermal conductivities from 10�9 W=m=K (darkest, corresponding to the Rubincam's limit) to10 W=m=K (lightest, corresponding to highly conductive material). For more discussion see thetext.(433) ErosThe dependence of the YORP torque on the thermal conductivity for an Eros-shaped body isshown in Figure 3.12. There is a orbit-averaged rate of change hd!=dti of angular velocity anda rate of change of the obliquity hd�=dti due to the YORP e�ect.It can be seen that the component of the YORP a�ecting the speed of rotation ! almostdoes not depend on the thermal conductivity in the studied interval of K. On the other hand,the YORP-induced obliquity change depends on the thermal conductivity K very strongly. Lowvalues of K lead to the type I of the YORP classi�cation. This means the spin axis would evolvetoward the obliquity 90� and the rotation would decelerate. As K increases, the amplitude ofhd�=dti decreases. For the conductivity K ' 5� 10�4 W=m=K, the YORP changes to the TypeII. In this case the spin axis is driven to 0� or 180� obliquity, but the rotation of the body willbe accelerated in these states because hd!=dti remains una�ected by the thermal conductivity.For higher K's the amplitude of hd�=dti increases with thermal conductivity and reaches themaximal value when K ' 10�2 W=m=K. Subsequently, the amplitude decreases. Note that forhigh conductivities the symmetry of hd�=dti with respect to � = 90� is broken.(6489) GolevkaWe can see hd!=dti and hd�=dti for Golevka in Figure 3.13. Like Eros, the component of theYORP e�ect changing the speed of rotation is nearly independent on the thermal conductivityin the studied interval, unlike the YORP component a�ecting the obliquity. Low values of Klead to the type IV of the YORP classi�cation. As K increases, the amplitude of d�=dt decreasesand also the node moves slightly from � � 60� towards zero obliquity7. For the conductivityK ' 5 � 10�4 W=m=K, the YORP changes to the type I. In this case, the spin axis is drivento obliquity 90� but the rotation of the body will be accelerated in this state, because hd!=dtiremains almost una�ected by thermal conductivity K. As K further increases, the amplitudeof hd�=dti increases, reaches the maximum value for K ' 10�2 W=m=K and then falls-o� alittle. The symmetry of hd�=dti with respect to obliquity � = 90� is broken again for higherconductivities.7The node at 120� moves towards � = 180�.
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Figure 3.13: The orbit averaged rate of change of the angular velocity ! (left) and obliquity �(right) due to the YORP e�ect for asteroid (6489) Golevka. Grey levels denote di�erent surfacethermal conductivities from 10�9 W=m=K (darkest, corresponding to the Rubincam's limit) to10 W=m=K (lightest, corresponding to highly conductive material). For more discussion see thetext.(243) IdaFigure 3.14 shows the orbit-averaged rate of change hd!=dti of angular velocity and rate ofchange hd�=dti of the obliquity for asteroid (243) Ida. As in previous cases, hd!=dti does notdepend on K, while hd�=dti does. The YORP type is II and increasing thermal conductivityonly changes its amplitude. Up to K ' 10�2 W=m=K the amplitude increases and for higherconductivities decreases.(25143) ItokawaThe dependence of the YORP e�ect on the surface thermal conductivity for asteroid Itokawacan be seen in Figure 3.15. This is the same case as Eros. The YORP component hd!=dti isnearly independent on K, while hd�=dti belongs to the Type I for low conductivities and to theType II for high ones. The transition occurs for K ' 5� 10�5 W=m=K.1998KY26Figure 3.16 shows the orbit-averaged rate of change of angular velocity hd!=dti and the rate ofchange of obliquity hd�=dti due to the YORP e�ect. Again, we can see nearly K-independentYORP component a�ecting the speed of rotation and the YORP component changing the obliq-uity strongly dependent on K. In this case increasing thermal conductivity does not change theYORP type (which is I) but only decreases the amplitude of hd�=dti.DiscussionThe study of the K-dependence of the YORP e�ect for several real shapes shows a strongdependence of hT�i or hd�=dti on thermal conductivity in the range 10�9 to 101 W=m=K, likein the case of the arti�cial shapes. In most cases the YORP for realistic values of K belongs tothe Type II. The YORP component hT!i or hd!=dti is nearly independent on K.
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Figure 3.14: The orbit averaged rate of change of the angular velocity ! (left) and obliquity� (right) due to the YORP e�ect for asteroid (243) Ida. Grey levels denote di�erent surfacethermal conductivities from 10�9 W=m=K (darkest, corresponding to the Rubincam's limit) to10 W=m=K (lightest, corresponding to highly conductive material). For more discussion see thetext.
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Figure 3.15: The orbit averaged rate of change of the angular velocity ! (left) and obliquity �(right) due to the YORP e�ect for asteroid (25143) Itokawa. Grey levels denote di�erent surfacethermal conductivities from 10�9 W=m=K (darkest, corresponding to the Rubincam's limit) to10 W=m=K (lightest, corresponding to highly conductive material). For more discussion see thetext.



CHAPTER 3. THE YORP EFFECT 34

0 30 60 90 120 150 1800
obliquity (deg)

-1.0

-0.5

0.0

0.5

1.0

1.5

dω
/d

t  
(1

0-1
 s-1

/M
yr

)

0 30 60 90 120 150 1800
obliquity (deg)

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

dε
/d

t  
(1

04 
de

g/
M

yr
)

Figure 3.16: The orbit averaged rate of change of the angular velocity ! (left) and obliquity� (right) due to the YORP e�ect for asteroid 1998 KY26. Grey levels denote di�erent surfacethermal conductivities from 10�9 W=m=K (darkest, corresponding to the Rubincam's limit) to10 W=m=K (lightest, corresponding to highly conductive material). For more discussion see thetext.



CHAPTER 3. THE YORP EFFECT 353.4.2 The YORP e�ect for real objects and their orbitsWe computed the YORP e�ect for several asteroids with known orbits, shapes and spin pa-rameters. The list of bodies and their orbital and physical parameters can be found in Table3.3: Eros Geographos Golevka Ida Itokawa 1998KY26semimajor axis (AU) 1.45823 1.24547 2.5065 2.816276 1.32274 1.23215excentricity 0.222891 0.335416 0.604317 0.04616 0.279475 0.201462inclination (�) 10.83 13.342 2.277 1.138 1.728 1.481arg. perihel. (�) 178.645 275.8 66.06 108.55 161.021 209.181ascend. node (�) 304.404 337.3 211.502 324.21 70.917 84.451pole of rotation �, � (�) 17.2, 11.3 55, -46 202, -45 262, -68 355, -84obliquity (�) 89.1 150 134.6 157 172.3period of rotation (h) 5.27 5.23 6.03 4.63 12.13 0.17837precision of period determ. � 1�10�7 1.4�10�7 1.7�10�5 1.5�10�6 5�10�4 7�10�6thermal conductivity (W=m=K) 0.01 0.02 0.01 0.01 0.01 0.001thermal capacity (J=kg=K) 680 680 680 680 800 680bulk density (g=cm3) 2.5 2.5 2.7 2.7 2.5 2.5surface density (g=cm3) 1.7 1.7 1.7 1.7 2.0 1.7albedo 0.1 0.2 0.1 0.2 0.1 0.1emisivity 0.9 0.8 0.9 0.8 0.9 0.9�t - �rst level (s) 222 87 500 192�t - second level (s) 4 5 10Table 3.3: Orbital and physical parameters of asteroids used for our study of the YORP.Orbital data was taken mainly from NeoDyS site http://newton.dm.unipi.it and Ast-Dys http://hamilton.dm.unipi.it. Information about the spin state was taken from[Miller et al., 2002] for Eros, [Hudson and Ostro, 1999] for Geographos, [Hudson et al., 2000]for Golevka, [Davies et al., 1996] for Ida, [Kaasalainen et al., 2003] for Itokawa and[Ostro et al., 1999] for 1998KY26.The surface temperature along the orbit was computed by a two-level scheme. The timestepwas a few hundred seconds in the �rst level and several seconds in the second level (see Table 3.3).The initial spatial step was chosen in order to ful�ll the von Neumann stability criterion. Theprecision of the surface temperature is typically better than 0:1 K. We computed components ofthe YORP torque in equally spaced right anomalies.A possible direct detection of the YORP e�ect was also studied. For this purpose the mostimportant quantity is the change of angular velocity ! and, especially, the phase of rotation �.These quantities are observable (while the change of the obliquity is too small). Moreover, hT!iis nearly independent on the surface thermal conductivity, which is not known accurately. Theangular velocity and the phase of rotation changes due to the YORP e�ect can be expressed as:!Y (t) = !0 + tZt0 T!C dt; �Y (t) = �0 + tZt0 !Y (t) dt:where !0 is the initial angular velocity at the time t0 and the initial phase of rotation is assumed�0 = 0. We can also express a fractional change of rotation period as (dP=dt)=P = �(T!=C)=!.Using the orbit-averaged value of T!=C, the angular velocity will change linearly with time,whereas the phase of rotation will change as a square of time (here we neglect an eccentricity of



CHAPTER 3. THE YORP EFFECT 36an orbit):!Y (t) = !0 +�T!C � t; �P � P0P0 �Y = � 1!0 �T!C � t; �Y (t) = !0t+ 12 �T!C � t2:(3.20)The phase � is the most easily observable quantity that can be used for a detection of theYORP e�ect. At least three measurements of � with appropriate time delay are necessary fora discovery of the quadratic time dependence of �, indicating the YORP e�ect. If we take intoaccount that the period of rotation P0 can be initially determined with an error �P , then thisuncertainity propagates and causes apparent changes of ! and �:!�P (t) = !0 � !0 �� + 1 ; �P � P0P0 ��P = ��; ��P (t) = !0 t � !0 �� + 1 t; (3.21)where � = �P=P0 is a relative period error. The detection of the YORP e�ect via a phase shiftis possible if it exceeds the e�ect of uncertainity. This happens after su�cient time interval:t�Y >�P = �� + 1 2!0hT!=Ci : (3.22)Moreover, the phase shift produced by an uncertainity of the rotation period must be less than180�. In other words, j��P � !0tj < �: It corresponds to the timet�� = P02 � + 1� : (3.23)In the case of a detection by a change of the rotation period, the required time interval istPY >�P = !0�hT!=Ci ; (3.24)which is shorter than (3.22) by a factor (�+1)=2 and moreover there is no restriction like (3.23).(433) ErosFigure 3.17 shows the behaviour of the T!=C during one orbital period of Eros. The origin oftime is chosen at an instant of perihelion passage. The mean value hT!=Ci = �1:48� 10�20 s�2corresponds to a doubling time 709 Myr. Eros's rotation is decelerated.With this YORP torque and NEAR/Shoemaker data, rotation period P = 5:27025547 hr,� = 1� 10�7 ([Miller et al., 2002]), we have determined the change of rotational period and thephase from 1900 to 2020 as can be seen in Figure 3.18. The origin was chosen on Jan 1, 2001. Thephase of rotation changed due to YORP e�ect by � 4� during 100 years, while the uncertainityin rotation period makes phase shift � 7� after the same time. In terms of the period, the YORPleads to a relative change of period (P �P0)=P0 ' �1:5� 10�7 in 1900, which is slightly higherthan uncertainity �.[ �Durech, 2005] compared photometric data of Eros from years 1901 { 1931 with a syntheticlightcurve derived from shape and rotation state obtained by NEAR/Shoemaker space probe.He found that hd!=dti cannot be higher than � 5� 10�20 s�2. It is interesting, that the formal�t gives the value hd!=dti = �1:4� 10�20 s�2, which corresponds well to the value predicted byus, but the case is not statistically conclusive.
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Figure 3.17: The YORP component a�ecting the angular velocity of (433) Eros during onerevolution about the Sun. This was computed using data from Table 3.3.
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Figure 3.18: Left: The relative change of rotation period of Eros. Right: The correspondingchange of the rotation phase. The results are referred to the value P0 =5.27 hr on Jan 1, 2001.The dotted line corresponds to a change of period or phase of rotation due to an uncertaindetermination of the initial period P0. The relative uncertainity is � = 1� 10�7. The solid onecorresponds to the orbit-averaged YORP e�ect. Note a linear growth of (P � P0)=P0 and thecorresponding quadratic dependence of phase O � C.(6489) GolevkaThe time dependence of the YORP component T!=C that a�ects angular velocity of Golevka canbe seen in Figure 3.19. The orbit-averaged value is hT!=Ci = 2:04 � 10�18 s. This correspondsto a doubling time of only 4:5 Myr, the asteroid's rotation is accelerated in this state.A possibility of a successful direct detection of the YORP can be seen in Figure 3.20: Themean value of the fractional change of rotation period is h(dP=dt)=P i = �2:2 � 10�7 yr�1. Weused data obtained during the close encounter with the Earth in 1995 from [Hudson et al., 2000]:P = 6:0289, � = 1:7 � 10�5, and chose an origin of integration on Jan 2, 1995. It can be seen,that the YORP (though relatively strong) does not exceed the e�ect of uncertainity of rotationperiod. Unfortunately, no usable photometric data was recorded during the close approach in2003. Next opportunities will be in 2007, 2011, 2015 and 2019. Due to the large YORP e�ect onGolevka, the data from these future encounters may lead to a successful detection of the YORP.
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Figure 3.19: The YORP component T!=C a�ecting the angular velocity for (6489) Golevkaduring one revolution about the Sun. This was computed using data from Table 3.3.
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Figure 3.20: The same plots as in Figure 3.18 but for Golevka. The results are referred to thevalue P0 =6.02667 hr on Jan 2, 1995.1998KY26The asteroid 1998 KY26 has an unknown orientation of the spin axis. We can only scale theresults obtained in the previous section. We assumed values listed in Table 3.3 and zero obliquity.Then the orbit-averaged YORP component changing the angular velocity is hT!=Ci = 1:52 �10�14 and the doubling time td = 20 400 yr. This corresponds to a mean fractional change ofrotation period h(dP=dt)=P i = 5�10�5 yr�1. Thus, we expect the possible successful detection ofthe YORP e�ect for this body during its next apparition is September 2013. (The determinationof the pole orientation is also probable during this apparition.) Even more probable YORP e�ectdetection will be during the close{Earth encounter in June 2024.(243) IdaWe do not compute YORP e�ect for the actual orbital con�guration as listed in Table 3.3, butscaling the results from previous section, the orbit averaged component of YORP is hT�=Ci '3:5�10�21 s�2 and the doubling time td ' 3:4 Gyr. This is comparable to the age of the Koronisasteroid family and might have caused the evolution of spins discussed by [Vokrouhlick�y et al., 2003].Nevertheless, for direct short-term detection, the YORP is too week.
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Figure 3.21: The YORP component a�ecting the angular velocity of (25143) Itokawa during onerevolution about the Sun. This was computed using data from Table 3.3.(25143) Itokawa[Vokrouhlick�y et al., 2004] computed the YORP e�ect strength for this asteroid and predictedthe possible detection of the YORP e�ect by an observation of the ligtcurve maximum shift dur-ing its close encounter in 2004. Unfortunately, this conclusion was wrong: (i) we underestimatedthe uncertainity of the rotation period by a factor 2� and (ii) we used an incorrect component ofthe YORP torque (T� or T instead of T!) . This led to conclusion that the rotation of Itokawais accelerated and a fractional change of Itokawa's rotation is (dP=dt)=P =' 1:5�3�10�4 yr�1.An attempt to detect it failed.Using the correct data (see Table 3.3 and Appendix) we found that Itokawa's rotation isaccelerated due to the YORP torque hT�=Ci = 6:6 � 10�17 s�2 and the value of the fractionalchange of spin period is (dP=dt)=P = �1:45�10�5 yr�1. This corresponds to the doubling timetd ' 69 000 years. The phase shift due to the YORP e�ect then increases as �� = 1:89� � tyr�2and after three years it is � 17�. Note that we obtained these results using convex-hull shapemodel of [Kaasalainen et al., 2003] based on radar and optical Earth-based observations.Recently, [Scheeres et al., 2007] have used more reliable data of shape and rotation of Itokawafrom Hayabusa mission to Itokawa and with aid of semianalytical theory of YORP e�ect theyfound Itokawa's spin rate deceleration 2:5�4:5�10�17 s�2, depending on the shape model used.They also discussed strong dependence of strength and sense of YORP on the shape model.Itokawa seems to be an exemplary case in this sense.(1620) GeographosUsing data from Table 3.3 we computed the YORP e�ect on the asteroid (1620) Geographos.In this case we faced a problem with the choice of the right shape model. Using the shapemodel derived from combination of the radar and optical observations (available at the websitehttp://www.psi.edu/pds/asteroid/), we obtained the YORP torque (produced by thermaland re
ected radiation) changing the spin rate d!=dt = T!=C = �4:4�10�18 s�2. In this model,the z�axis does not correspond to the axis of the maximal moment of inertia.Then we made rotation of the body-�xed frame (90� about the x�axis) to the system ofproper axes and achieved an agreement of z�axis orientation with the axis of maximal momentof inertia and also with the position of \north pole" in [Hudson and Ostro, 1999] (see FigureD.1). In this case, the change of spin rate is d!=dt = 3� 10�19 s�2.Another shape model derived by �Durech (personal communication) from ligtcurve analysis(see Figure D.2) gives a value d!=dt = 2:4 � 10�18 s�2. Here we used the pole of the spin axis
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Figure 3.22: The same as 3.18 but for Itokawa. The results are referred to the value 12.134 hron Jan 1. 2001.
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Figure 3.23: Left: Relative change of rotation period of (1620) Geographos. Right: Change ofthe rotation phase. The results are referred to the value P0 =5.23 hr on September 15, 1994.The dotted line corresponds to the change of period or phase of rotation due to uncertaindetermination of the initial period P0. The uncertainity of the spin period is � = 1:4 � 10�7(according to [Hudson and Ostro, 1999]). The dashed one corresponds to the orbit-averagedYORP e�ect. Note linear growing of (P � P0)=P0 and corresponding quadratic dependence ofphase O � C.derived by �Durech: � = 51:5�, � = �57:3�. The volume �Durech's model was scaled to the samevolume as model of [Hudson and Ostro, 1999]. Also, we made rotation of body-�xed frame tothe system of principal axis of inertia tensor.The possibility of detection of the YORP e�ect on (1620) Geographos is shown in Figure3.23. Here we used the shape model of �Durech. The next opportunity to observe Geographosduring its approach will be in 2008. The YORP e�ect produces a phase lag � 13� between 1994and 2008. Thus, if the shape derived by �Durech is the correct one8, we can expect the successfuldetection in 2008.DiscussionWe have shown that the YORP component T! causes the changes of the angular velocity d!=dt(or the phase shift), which can be measured directly. Moreover, the YORP component T! does8The shape of [Hudson and Ostro, 1999] leads to phase lag � 1:3� between 1994 and 2008. This is not enoughto successful detection in 2008.



CHAPTER 3. THE YORP EFFECT 41not depend on thermal conductivity K. Thus the principal moment C of inertia and the bulkdensity �b of the asteroid can be determined by measured d!=dt together with the YORP e�ectmodel.3.5 Summary� The YORP e�ect a�ects both the spin period and the obliquity of the asteroids withcertain amount of the windmill asymmetry. The shape and obliquity are the key quantitiesa�ecting the YORP e�ect.� A typical YORP evolution timescales are shorter than collisional timescales (for asteroidssmaller than several tens of kilometers in the Main Belt). The YORP e�ect can doublethe rotation period of 2 km Main Belt asteroid in �12 Myr.� The obliquity-a�ecting YORP component T� depends on the thermal conductivity K ofsurface material, while the component T!, a�ecting the angular velocity, is almost K-independent.� There is a wide variety of possible YORP evolution paths of the spin states. The mostprobably, the spin axis is driven to be perpendicular with respect to the orbital plane.� The spin period can be both accelerated (maybe up to a bursting limit and possibleformation of binary asteroids) or decelerated (to the state of very slow tumbling rotators).� The spin period of bodies with obliquity � ' 55� and � ' 125� is not a�ected by the YORPe�ect.� We computed the YORP e�ect for several asteroids, assuming their actual shape and or-bital, rotational and physical con�guration, and showed possibilities of a successful YORPe�ect detection via change of the rotation period or a phase shift of the lightcurve. Wepredict the successful direct detection of the YORP e�ect for (6489) Golevka, 1998 KY26,(25143) Itokawa and (1620) Geographos in the near future.



Chapter 4The Yarkovsky e�ect4.1 Introduction4.1.1 The principle of the Yarkovsky e�ectThe Yarkovsky e�ect is a relatively weak non-gravitational force arising from anisotropic thermalemission from the surface of a body, which is heated by the absorption of the solar radiation.The principle of the e�ect can be explained as follows: Let us assume an asteroid orbiting aboutthe Sun and rotating about the spin axis perpendicular to the orbital plane. The surface of thebody absorbs solar radiation1 which heats it up. Due to the �nite thermal inertia of the surfacematerial the temperature follows the insolation with some delay, as can be seen in Figure 4.1.This causes the \morning" hemisphere is cooler and the \evening" one is warmer. The surfaceemits thermal radiation which takes certain amount of momentum away. This causes a repulsivethermal force, which direction is somewhat shifted from the direction opposite to the Sun dueto disbalance of temperature between the morning and evening hemispheres. The transversecomponent of this force, parallel to the velocity vector of the asteroid, then causes (according tothe laws of celestial mechanics) a change of the semimajor axis of the orbit. If the body's rotationis prograde, its semimajor axis increases, if it is retrograde the semimajor axis decreases. (Thebody spirals inwards or outwards.) The above described e�ect is called the Yarkovsky diurnale�ect (see Figure 4.2a). The strength of this e�ect depends on the distance from the Sun, thediameter of the body, its mass, thermal parameters of the surface (the thermal conductivity K,thermal capacity c, surface density �s), the speed of rotation and the obliquity.Another component of the Yarkovsky e�ect is connected with the orbital motion about theSun and, consequently, it is called seasonal. It is independent on the rotation speed and alwaysleads to the semimajor axis decay. It is caused by the e�ect of thermal inertia during therevolution about the Sun. The necessary condition is the obliquity not equal 0� or 180�. Letus expect the Sun is shining on the northern hemisphere during the summer (see Figure 4.2b).In the autumn equinox the Sun illuminates both hemispheres equally, but due to the thermalinertia the northern one is warmer and then the resulting thermal force is shifted from thedirection opposite to the Sun and against the direction of motion. A similar situation occurs inthe spring equinox: The southern hemisphere is warmer than northern one and the thermal forceagain aims against the velocity vector. In real situations, the Yarkovsky e�ect is a combinationof the above mentioned components.1The momentum of this absorbed radiation together with the radiation re
ected due to non-zero albedo giverise to the solar radiation pressure. But this force has direction opposite to the direction towards the Sun and itse�ect overall averaged over orbital period only decreases the solar gravitation force.
42
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Figure 4.1: The delay � between the maximal insolation (dotted line) and the maximal temper-ature (solid line) due to the thermal inertia of the surface material. The �gure corresponds toan equatorial surface element during one rotation cycle lasting 6 hours.4.1.2 The Yarkovsky e�ect in the Solar SystemThe Yarkovsky e�ect plays an important role in the dynamics of meter to multi-kilometer sizedbodies in the Solar System. It helps us to explain many observed (and previously puzzling)facts. Some of them we shall brie
y mention here.Delivery of meteorites to the Earth. The �rst application of the Yarkovsky e�ect wasan explanation of the meteorite transport from the Main Belt to the Earth's vicinity (e.g.,[ �Opik, 1951], [Peterson, 1976]). Recently the subject was studied for example by [Farinella et al., 1998]and [Vokrouhlick�y and Farinella, 2000]. According to the model of [Vokrouhlick�y and Farinella, 2000],the asteroidal fragments, ejected after the disruption of parent body, slowly spiral due to theYarkovsky e�ect. A typical semimajor axis drift rate da=dt is from � 10�4 to � 10�2 AU/Myr.It depends mainly on diameters of fragments, densities and thermal parameters of the surface.The obliquity also a�ects the strength and direction of Yarkovsky e�ect. During this stage (thatcan take from several Myr up to several 10 Myr) the fragments may secondary undergo colli-sions, causing changes of their spin axes or even further fragmentation. Finally the fragmentsreach a powerful gravitational resonance (3:1 mean motion resonance with Jupiter or �6 secularresonance), where they are captured and their excentricity rapidly increases up to 1. This stagelasts only a few Myr. Most bodies then fall directly into the Sun and only less than 1% hit theEarth. There is a good agreement between the calculated transport timescales and the observedcosmic ray exposure times of various meteorite types (they di�er for various materials), and itis also possible to explain the observed total meteorite 
ux.Delivery of small asteroids to the near Earth space. It was recognized that most of thenear-Earth asteroids originate in the Main Belt from where they are delivered to the Earth'svicinity via powerful resonances. [Bottke et al., 2002] estimated that approximately 220 objectsper Myr with absolute magnitude H < 18 (i.e., with diameter D & 1 km) must escape fromthe inner Main Belt in order the population of NEAs to be in steady state. Re�lling of newasteroids to the resonances can be explained by a semimajor axis drift caused by the Yarkovskye�ect. [Morbidelli and Vokrouhlick�y, 2003] studied the transfer of bodies towards 3 : 1 and�6 resonances, assuming random reorientation of spin axes due to collisions and the YORPe�ect. Their model gives the same 
ux as derived by [Bottke et al., 2002]. Moreover, due to the
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Figure 4.2: The principle of Yarkovsky e�ect: (a) diurnal and (b) seasonal component. Moreexplanation in the text. (The autor of this �gure is M. Bro�z)Yarkovsky e�ect sensitivity on size, they are able to explain the di�erence between the cumulativesize distribution of main belt asteroids N(> D) / D�1:3 and thet of the near-Earth asteroidsN(> D) / D�1:75. [La Spina et al., 2004] also noticed the dominance of the Yarkovsky e�ectover collisions in injecting the bodies into resonances. They found that retrograde rotators2among NEA's are more numerous than the prograde ones. This is most probably caused by thefact that the �6 resonance transport route is more e�ective than the 3 : 1, and because the �6 islocated inside the Main Belt, the bodies have to drift inwards (and thus have retrograde spins).Evolution of asteroid families due to the Yarkovsky e�ect. Asteroid families originatefrom a catastrophic collisions or cratering event of a parent body that produced fragments,which we can observed today as clusters in the space of proper elements ap, ep, sin ip; theyalso exhibit similar spectral properties. Subsequent evolution is driven by the Yarkovsky e�ect,mutual collisions of the fragments and planetary perturbations.For example [Bottke et al., 2001] investigated the evolution of the Koronis family. Theyexplain the observed shape in (a; e; sin i) space evolution in three steps. Firstly, the catastrophicdisruption produces multi-kilometer fragments with random orientation of spin axes. Next, theirsemimajor axes evolve due to the Yarkovsky e�ect. The fragments also interact with numerousweak resonances, which results in the changes in eccentricity. The most important of them isthe secular resonance g + 2g5 � 3g6, located at 2:92 AU, that typically increases the eccentricityof passing asteroids, producing the separation of Koronis family into two parts. Finally, if thebody reaches the powerful resonances 5:2 or 7:3, its eccentricity and inclination rapidly increases,causing an ejection from the Solar System, an impact on the Sun or a planet.[Vokrouhlick�y et al., 2006b] studied the structure of the Eos family. They found that afterthe primary collision, a compact family arose and it consequently have evolved by the Yarkovskye�ect and by planetary perturbations. The fragments, which were driven by the Yarkovsky e�ectto the smaller semimajor axes and encounter 7 : 3 mean motion resonance with Jupiter were215 from 21 bodies with known obliquity rotates in a retrograde sense.



CHAPTER 4. THE YARKOVSKY EFFECT 45removed. This explains the sharp boundary of the family located exactly at the above mentionedresonance. On the other side the fragments driven outward from the Sun meet a bit weaker 9:4resonance and only some of them pass it. By this scenario they are able to explain the asymmetricdistribution of the family members with respect to the 9:4 mean motion resonance with Jupiter.They also estimated the age of this family to be 1:3+0:15�0:2 Gyr.[Vokrouhlick�y et al., 2006a] developed a method for determination of ages of asteroidal fam-ilies on the basis of the Yarkovsky/YORP maturity. They determined the ages for familiesAstrid, Erigone, Massalia and Merxia, as well as their initial dispersion velocities of fragmentsafter the primary collision.Detection of the Yarkovsky e�ect. The �rst measurement of the Yarkovsky force wasachieved by observations of the drag of satellite Lageos from 1976 to 1987 (e.g., [Rubincam, 1990]).[Vokrouhlick�y et al., 2000] studied a possibility of direct detection of the Yarkovsky e�ectvia precise orbit determination of near-Earth asteroids. Since the Yarkovsky perturbation ac-cumulates quadratically with time, they predicted a successful detection on several asteroids(namely (6489) Golevka, (1620) Geographos, (1566) Icarus) with orbits determined by radarranging during their next apparitions. In May 2003 the radar ranging of (6489) Golevka wasmade during its close encounter with the Earth and non-gravitational perturbation was de-tected [Chesley et al., 2003]. This perturbation corresponds to the predicted shift due to theYarkovsky e�ect and allows to estimate the bulk density of Golevka as 2:7+0:4�0:6 g/cm3 and thermalconductivity as 0:01 W/m/K.Further detections of the Yarkovsky e�ect for more near-Earth asteroids are expected in thenear future [Vokrouhlick�y et al., 2005a]. An interesting opportunity to detect the Yarkovskye�ect (both on the motion of centre of mass and on relative motion of components) appears inthe case of near-Earth binary asteroids [Vokrouhlick�y et al., 2005b].[Nesvorn�y and Bottke, 2004] studied the young Karin family, with age only 5:8�0:2 Myr, andon the basis of convergence of orbits they determined the Yarkovsky e�ect for its � 70 members.The magnitude of the measured Yarkovsky orbital drift agreed with the theoretical predictions.They also determine the surface conductivity of asteroidal fragments as � 0:1 W/m/K.[Chesley et al., 2006] focused on the small near-Earth asteroid 1992 BF. Orbital calculationsbased on the observations from 1992{2005 poorly �t the pre-discovery observations from 1953,but with the Yarkovsky e�ect included into the force model they were able to �t the com-plete observational arc 1953{2002. The resulting semimajor axis drift is da=dt = �(11 � 2) �10�4 AU/Myr, which corresponds to the Yarkovsky e�ect with a retrograde spin axis orientationwith obliquity 120� � 180�.4.1.3 The theory of the Yarkovsky e�ectThe computation of the Yarkovsky e�ect usually consists of the determination of asteroid'ssurface temperature, the computation of the corresponding thermal force and the �nal determi-nation of its e�ect on asteroid's orbit. The surface temperature T is calculated from the heatdi�usion equation (HDE for short) inside the body (see Appendix A)� c @T@t = r(K � rT ); (4.1)where the density �, the thermal capacity c and the thermal conductivity K describe the thermalproperties of asteroid material. The HDE is connected with the surface boundary condition:KrT � n+ ��T 4 = (1�A) E : (4.2)



CHAPTER 4. THE YARKOVSKY EFFECT 46Here, n denotes the outer normal to the surface, � the emisivity, � the Stephan{Boltzmannconstant, A the albedo and E incident solar 
ux. This equation is essentially the energy conser-vation law: The �rst term represents the energy conducted from the surface to the interior ofthe body, the second one is the energy taken away by thermal radiation and the right hand sideterm represents the absorbed solar energy. The thermal force fth(t) acting on a body can bedetermined by Equation (2.11). Knowing the force we can obtain the change of the semimajoraxis a of asteroid's orbit due to the Yarkovsky e�ect by Gauss equationdadt = 2n2am fth(t) � v(t); (4.3)where v(t) denotes the velocity vector of the asteroid, m its mass and n the mean motion.As mentioned in Section 4.1, the key phenomenon controlling the strength of Yarkovskye�ect is an anisotropic thermal radiation from asteroid's surface caused by thermal lag due tonon-zero thermal inertia of the asteroid's surface material. As we shall see, the Yarkovsky e�ectis not so sensitive to the asteroid's shape as the YORP e�ect.The heat di�usion problem can be solved analytically or numerically. In analytical theoriesthe boundary condition is often linearized (e.g. [Vokrouhlick�y, 1998a], [Vokrouhlick�y, 1999]).Moreover, the analytical theories assume (i) spherical objects, (ii) circular orbits, (iii) uniformrotation, (iv) constant thermal parameters. Several attempts to remove these constraints weremade. For example [Vokrouhlick�y, 1998b] took into account the e�ects of non-sphericity forthe Yarkovsky diurnal e�ect, [Vokrouhlick�y and Bro�z , 1999] computed the seasonal e�ect as-suming a regolith layer above the higher conductive core and [Vokrouhlick�y and Farinella, 1999]presented a semianalytical theory of seasonal e�ect which is able to involve elliptical orbits.The numerical approach allows to eliminate all the above mentioned constraints, but it maybe very time-consuming (it depends on the precision and complexity of the model). The numeri-cal model was used for prediction of Yarkovsky orbital drift of (6489) Golevka [Chesley et al., 2003].In [Vokrouhlick�y et al., 2005a] the Yarkovsky e�ect on irregularly shaped (1620) Geographosand thumbling (4179) Toutatis was also computed numerically, as well as in the case of binaryasteroid 2000 DP107 [Vokrouhlick�y et al., 2005b].



CHAPTER 4. THE YARKOVSKY EFFECT 474.2 Yarkovsky diurnal e�ect on irregularly shaped objectsThis section is based on the poster [ �Capek and Vokrouhlick�y, 2002] presented at theACM conference 2002 in Berlin.Analytical theories of the Yarkovsky e�ect usually assume spherical objects and rely on linearizedsurface boundary condition of the HDE. Our goal is to remove both simplifying assumptions bysolving the heat di�usion problem numerically for an arbitrarily shaped body. Here we presentthe comparison of results obtained by an analytic theory and those of numerical model. Weproved that (i) the Yarkovsky e�ect is not very sensitive to the exact asteroid's shape and (ii)the linearized analytical theory is a good approximation.4.2.1 Numerical modelOur approach can be brie
y described in the following four steps:1. For a body described by a polyhedron, with typically several thousands of triangularsurface facets, we determine the insolation of a given surface element, including e�ects ofself-shadowing between di�erent surface elements (see Appendix B). The time step is 1 s,which corresponds to only 10 of rotation phase.2. With this insolation, we solve the one-dimensional HDE during one rotation cycle fromsurface to depth of 15`d (see Appendix A). The initial condition is derived from the meaninsolation.3. We repeat the previous scheme (with the initial condition corresponding to the temperaturedetermined in the previous turn), until the convergence of the HDE solution is attained.Usually, we require the uncertainty of the surface temperature is less than 0:1 K.4. With the converged solution we compute the corresponding mean Yarkovsky force actingon each surface element according to Equation (2.9). The Yarkovsky force is then given bya sum over all surface elements. The mean rate of change of the semimajor axis is givenby the corresponding Gauss' equationdadt = 2n fth � et (4.4)Note that because of the assumption of zero eccentricity and obliquity, it is su�cient toevaluate the Yarkovsky e�ect at a single point only during its revolution around the Sun.Here, n denotes mean motion, et the along-track vector of the orbit fth the Yarkovskyforce per unit mass.4.2.2 Analytical vs. numerical approach for a sphereAs a test of our method, we �rst computed the diurnal Yarkovsky drift on a sphere, both analyt-ically and numerically. We assume a circular orbit with semimajor axis a = 2:5 AU, the rotationperiod 6 h, the radius 1 km, the bulk and surface density � = 2500 kg/m3, thermal capacityc = 680 J/kg/K and zero obliquity. Thermal conductivity of the surface regolith was variedfrom 10�9 to 102 W/m/K. Analytical model was adopted from [Vokrouhlick�y, 1999]. Numericalapproach uses a \sphere" consisting of 1004 surface triangular facets.The resulting Yarkovsky orbital drift as a function of the thermal conductivity, computed bythe analytical and numerical theory, can be seen in Figure 4.3. The most likely values of K (aswell as the peak of da=dt) inferred from infrared observations of small NEA's are in the interval
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Figure 4.3: Left: The diurnal Yarkovsky orbital drift da=dt as a function of the thermal con-ductivity K for a sphere with radius 1 km and zero obliquity. The solid line corresponds tothe numerical solution of the HDE and the dashed line to the analytical one. Right: The ratiobetween the Yarkovsky orbital drift computed numerically and analytically as a function of thethermal conductivity for the same sphere.0:001�0:1 W/m/K [Delb�o et al., 2006]. The results of numerical and analytical model is shownin Table 4.1.A comparison of Yarkovsky orbital drift da=dt computed numerically and analytically isshown in Figure 4.3 right. It can be seen that the amplitude of ratio of numerical and analyticalresults is decreasing with increasing thermal conductivity. This is caused by the fact, that dueto great thermal variations in the case of low conductivity, the analytical linearization of HDEfails and produces wrong results. Nevertheless, the analytical results are only 1:6 times smallerfor conductivity 10�9 W/m/K. For the realistic values of thermal conductivity (K > 10�4) thedi�erence is less than 10%.4.2.3 Irregularly shaped bodies vs. sphereWe tested the calculations of the Yarkovsky e�ect for irregular bodies on a sample of 100Gaussian random spheres (see Appendix), all having the same mass as a sphere with radius1 km and density 2500 kg/m3. We computed the Yarkovsky orbital drift assuming the thermalconductivity 10�3 and 10�2 W/m/K, keeping other parameters as above for the spherical body.The resulting distributions of da=dt are shown in Figure 4.4.The analytical result systematically overestimates the semimajor axis drift, both with respectto the numerical solution for a sphere and with respect to the mean value over the Gaussianspheres sample. Quantitative results are summarized in Table 4.1.The analytical theory thus gives higher values by a factor of 1:25 or 1:19. Overall, however,K (W/m/K) 10�3 10�2numerical model (the mean value for GRS) 1.23�10�4 1.27�10�4numerical model (sphere) 1.36�10�4 1.45�10�4analytical model (sphere) 1.53�10�4 1.52�10�4Table 4.1: The diurnal Yarkovsky semimajor axis drift da=dt in the units of (AU/Myr) computed bynumerical and analytical model. See the text.



CHAPTER 4. THE YARKOVSKY EFFECT 49this di�erence is comfortably small so that the results of the linearized analytical theory canbe used for modelling statistical parameters of the meteorite transport, the origin of NEAs,evolution of asteroid families and for simillar applications.

Figure 4.4: The distribution of the diurnal Yarkovsky orbital drift computed for 100 Gaus-sian random spheres with zero obliquity. Left plot corresponds to the thermal conductivity0.01 W/m/K and right one to 0.001 W/m/K. The symbols at the bottom of the plot representactual individual values of da=dt.



CHAPTER 4. THE YARKOVSKY EFFECT 504.3 Yarkovsky e�ect on individual bodies4.3.1 (6489) Golevka { the direct detection of the Yarkovsky e�ectIn the following text we describe our computations which were used for the predictionand detection of the Yarkovsky e�ect on asteroid (6489) Golevka ([Chesley et al., 2003]).(6489) Golevka (1991 JX) is a � 500 m size Apollo-type object with an orbit close to the3 : 1 mean motion resonance with Jupiter and also near to the 1 : 4 resonance with the Earth.It was discovered during a close encounter with the Earth on May 10, 1991 [Helin et al., 1991].A large international observing campaign during its apparition in 1995 allowed to determine thespin vector, period of rotation, shape model and other physical properties, as well as preciseorbit [Mottola et al., 1997], [Hudson et al., 2000].[Vokrouhlick�y et al., 2000] investigated a possibility of detecting of the Yarkovsky e�ect viaprecise orbit determination of near-Earth asteroids. They showed that such a detection is pos-sible only using an accurate radar astrometry at several apparitions. The radar observationsmust cover su�ciently long time span to accumulate Yarkovsky perturbations, which dependquadratically on the time. In the case of Golevka they predicetd the Yarkovsky orbital driftda=dt ' �6�10�4 AU/Myr (assuming thermal conductivity K = 0:01 W/m/K) and correspond-ing displacement of 15:2 km, with respect to the purely gravitational model of orbital evolution,during time interval between apparition in 1991 and 2003. On the basis of known astrometricobservations they determined the initial state vector and its uncertainity. Then they propagatedit using the pure gravity model and also the model that included the Yarkovsky force. For thetime of the close encounter in 2003 they determined 3� uncertainity ellipses in the range (R) vs.range-rate (dR=dt) plane. (These quantities are directly observable by radar.) They showed thatthe ellipsoids corresponding to standard and Yarkovsky-included model are shifted by � 15 kmand are well separated. They concluded that the Yarkovsky e�ect could be dected by radarranging during 2003 approach.On the basis of this prediction, Golevka was observed by radar facility of Arecibo on May24, 26 and 27 2003 and the Yarkovsky semimajor axis drift e�ect was successfully detected[Chesley et al., 2003]. In this case the Yarkovsky e�ect was modeled by our numerical methodfor various thermal parameters as is described below. In the propagation of the uncertain-ity ellipses, they took into account uncertainities of astrometric measurements, planetary andsmall bodies masses and Yarkovsky modeling. The resulting 3� uncertainity ellipses were wellseparated again. With the best �tting values of the surface conductivity and bulk density3K = 0:01 W/m/K, �b = 2:7 g/cm3, the actual Arecibo astrometry of Golevka falls into theellipse corresponding to Yarkovsky model (the o�set of � 15 km in R and � 5 � 10�6 km/sin dR=dt). In what follows we give some more details about the Yarkovsky model used in[Chesley et al., 2003].The modelUnlike [Vokrouhlick�y et al., 2000], we have used fully numerical model which is able to takeinto account eccentric orbit, irregularly shaped surface of a body and precise solution of heatdi�usion problem without any linearization [Chesley et al., 2003]. Some speci�c features of ourmodel are described in detail in Appendices.The shape model of Golevka represented by a 4092-hedron (see Appendix D) was taken from[Hudson et al., 2000]. We determined the insolation of all surface elements along whole ellipticalorbit, including e�ects of self-shadowing between di�erent surface elements (see Appendix B).3K and � are fully correlated.



CHAPTER 4. THE YARKOVSKY EFFECT 51With this insolation, we solved the one-dimensional HDE by a two-level scheme, duringone orbital period, from surface to depth of 15`s (see Appendix A). We usually made severaliterations until the surface temperature precision was better than 0:1 K. The timestep in the�rst level was � 500 s while in the second one only � 5 s. The spatial steps increase with thedepth according to �xk = �x0 exp(0:1 k). The initial spatial step was � 0:76 `d in the �rst leveland � 0:0076 `d in the second one. Here `d represents penetration depth of diurnal temperaturevariations. K (W/m/K) 10�4 10�3 10�2 10�1`s (cm) 4.2 13.1 41.5 131.3`d (mm) 0.5 1.7 5.4 17.3Table 4.2: Penetration depths of seasonal (`s) and diurnal (`d) temperature waves as functions ofthe thermal conductivity K. The surface density was assumed 1:7 g/cm3, the thermal capacity680 J/kg/K and the period of rotation 6 h.With the converged solution of surface temperature we computed the corresponding Yarkovskyforce acting on each surface element according to Equation (2.9). The total Yarkovsky force fthis then given by a sum over all surface elements (Eq. 2.11). The mean rate of change of thesemimajor axis is given by the corresponding Gauss' equation (4.3).We used the following orbital parameters: semimajor axis a = 2:5065 AU, excentricity e =0:604317, inclination i = 2:277�, argument of perihelion ! = 66:06�, longitude of ascendingnode 
 = 211:502� . The pole of rotation was l = 202�, b = �45� (ecliptical coordinates) andcorresponding obliquity � = 134�. Period of rotation Prev = 6:0264 h was slightly modi�ed toPrev ' 6:02666 h in order the fraction Prev=Porb to be an integer number4. The thermal capacitywas c = 680 J/kg/K, the surface density5 �s = 1:7 g/cm3, the bulk density �b = 2:5 g/cm3, Bondalbedo A = 0:1 and emisivity � = 0:9. We assumed the thermal conductivity K from 10�4 to10�1 W/m/K.ResultsFor the given material parameters K, c and �s we computed components of the Yarkovskythermal force with respect to the inertial frame and corresponding semimajor axis drift da=dt.Figure 4.5 shows an example of da=dt behaviour during one orbital period for K = 0:01 W/m/K.The orbit-averaged da=dt as a function of surface thermal conductivity is shown in Figure 4.6.We also present results obtained by an analytical theory [Vokrouhlick�y, 1999]. We can seethat both numerical and analytical approaches lead to almost the same averaged value of theYarkovsky orbital drift for Golevka.Due to a priori unknown thermal conductivity of the surface material, we had to computethe Yarkovsky orbital drift for a wide range of possible K's from 10�4 to 10�1 W/m/K (see thediscussion in Section 3.4.1).
4In this case Prev=Porb = 5772. Such change of the period do not a�ect the results, but it allows to use asimpler approach.5We also made a few computation assuming the surface density 1 g/cm3 and 2:5 g/cm3.
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Figure 4.5: The Yarkovsky orbital drift as a function of the orbital phase (t=Porb). The origin oftime is chosen at the perihelion passage. The solid curve was computed for K = 0:01 W/m/K,c = 680 J/kg/K, �b = 1:7 g/cm3. The dashed one represents the average value hda=dti =�5:5� 10�4 AU/Myr.
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Figure 4.6: The Yarkovsky semimajor axis drift da=dt according to the numerical and analyticaltheory as a function of the surface conductivity K. The solid line (with diamond symbolsindicating the actually determined values) represents da=dt determined by the numerical method,expecting the density of the surface material 1:7 g/cm3. The dash-dotted line is computed by theanalytical theory, with the same density assumed. The dotted and dashed curves were computedanalytically, assuming the surface density 1 g/cm3 and 2:5 g/cm3 respectively. The square andtriangle symbols denote numerical results for densities 1 g/cm3 and 2:5 g/cm3 respectively.



CHAPTER 4. THE YARKOVSKY EFFECT 534.3.2 (6489) Golevka { plausible constraints on its surface layerThis section is based on the poster [ �Capek and Vokrouhlick�y, 2005b] presented at theconference ACM 2005 in B�uzios, Brazil.We improved our numerical model of Yarkovsky/YORP e�ect (which was used for examplein [Chesley et al., 2003]) by taking into account spatial and temperature dependence of thethermal capacity c and thermal conductivity K. As a result we can derive constraints on thesurface properties such as regolith thickness for this asteroid.The modelWe assumed the same spin, orbital and shape parameters of Golevka as in Section 4.3.1. Themain di�erences are in the thermal parameters: we assumed a the high-conductive core, com-posed from fresh basalt covered by a layer with low thermal conductivity (\regolith"). More-over, we allow for temperature dependence of thermal parameters. This is discussed in de-tail in Section A.1.3. We adopt the temperature dependence of the thermal capacity c from[Urquhart and Jakosky, 1997] asc = (�0:037 + 1:19 � 10�3 T � 1:96 � 10�6 T 2 + 1:24 � 10�9 T 3)� 4186:05 (J/kg/K);where T (in Kelvins) is the temperature. The thermal capacity for a given temperature is almostthe same for a wide range of stony materials. But due to the temperature dependence it canvary from � 400 to � 800 J/kg/K at aphelion and perihelion of Golevka, respectively.The temperature dependence of the thermal conductivity K was assumed asK = A+B T 3; (4.5)where the term A corresponds to a heat transfer by conduction and B T 3 represents a radiativeheat transfer. The second term is important in materials like regolith containing voids. In thecase of Golevka, the second term plays only a minor role.The density is not a�ected by temperature variations. The thermal conductivity and densityof the core and regolith used in our model are summarized in Table 4.3.A (W/m/K) B (W/m/K4) �s (g/cm3)regolith 0:001 � 0:1 2� 10�11 1:7core 2:5 0 2:5Table 4.3: The thermal parameters used in our model of Golevka. The B term of regolithcorresponds to the lunar regolith (Table 1 in [Cremers, 1972]).The solution of the heat di�usion equation was more di�cult due to the dependence ofthermal parameters on the temperature. We had to modify the Crank-Nicolson scheme and�nd an appropriate combination of spatial and time steps (see Appendix A). This schemeis much more time consuming. We computed the Yarkovsky e�ect only for regolith depthsh = 1 mm, 1 cm, 10 cm and for conductivities A = 0:001, 0:01, 0:1 W/m/K. We again assumedexponentially increasing spatial step (the initial one was 0:01 mm) and timestep 300 s and usedpolyhedral shape of Golevka (4092 surface elements).



CHAPTER 4. THE YARKOVSKY EFFECT 54ResultsOur results are summarized in Figures 4.7 and 4.8. Figure 4.7 shows the dependence of da=dt onthe regolith depth for three values of its conductivity6 (K = 0:1, 0:01, 0:001 W/m/K). Focusingon the right side panel we can see the Yarkovsky e�ect is similar for the three conductivityvalues. For large regolith thickness (h > 10 `d) the semimajor axis drift approaches the valuecorresponding to in�nite regolith depth, while for h small (compared to `d) it approaches thezero regolith depth limit (�3� 10�4 AU/Myr corresponding to uniform composition with K =2:5 W/m/K). There is transition zone between these two limit cases, characterized by a peak ofda=dt for h ' 4 `d and local minimum at h ' 1=2 `d. The left panel shows the same dependence,but the x�axis is in the metric units. We can notice the horizontal line corresponding tomeasured orbital drift hda=dti ' 5:5 � 10�4 AU/Myr. This measurement is consistent with ourmodel only for some particular combinations of the regolith depth h and the thermal conductivityK: 1:3 cm or 3 cm for K = 0:01 W/m/K and 3 cm or 13 cm for K = 0:1 W/m/K.More complex constraints on combination's of the regolith's depth h and the thermal con-ductivity K can be inferred from Figure 4.8, where we plot a 2D function da=dt(h;K).The measured value of da=dt for Golevka is �5:5 � 10�4 AU/Myr ([Chesley et al., 2003]).We assumed 10% uncertainity of this value (or our model) and marked the corresponding area(upper right part of the �gure) by dots. This area denotes plausible combinations of the regolithdepth h and its thermal conductivity K, which are consistent both with our model and withmeasured value of non gravitational da=dt. We can conclude:� If Golevka has a high-conductive (basalt) core, the thickness of the low-conductive surfacelayer is larger than 1 cm and its thermal conductivity is larger then 0:004 W/m/K.� The radiative term BT 3 in the thermal conductivity (Eq. 4.5) has a negligible e�ect onthe resulting da=dt for Golevka.Future improvementsIn reality, many asteroids seems to be covered by both regolith and fresh rock. Recently wetook this fact into account and developed a model with thermal parameters dependent bothon depth under the surface and on the position on the asteroid's surface. Only facets with theslope7 smaller than the angle of repose of regolith have a regolith layer above the fresh rockcore; others are assumed to be regolith-free fresh rock. (See Figure 4.9.)For example, we assumed the angle of repose 30�. Regolith parameters were: depth h =1 mm,thermal conductivity Kregolith = (0:1 + 2� 10�11 T 3) W/m/K and density �regolith = 1:7 g/cm3and fresh rock parameters were: Krock = 2:5 W/m/K, �rock = 2:5 g/cm3 Other quantities werethe same as in [�Capek and Vokrouhlick�y, 2005b]. We obtained the semimajor axis drift �3:2�10�4 AU/Myr. If we chose the regolith depth 100 times larger (0:1 m), we obtained the semimajoraxis drift hda=dti = �5:4 � 10�4 AU/Myr. Details of this model need to be developed in thefuture work.
6In fact, it is the conductivity parameter A in Equation (4.5).7de�ned as the angle between outer normal and vector of local gravity + centrifugal acceleration
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Figure 4.7: The Yarkovsky semimajor axis drift dependence on regolith depth for three valuesof thermal conductivity. The dashed curve corresponds to K = 0:1 W/m/K, dotted one to0:01 W/m/K and solid one to 0:001 W/m/K. The x-axis in the left panel represents the depthof regolith in metric units and horizontal line indicates the actually measured da=dt on Golevkaby [Chesley et al., 2003]. The right panel has x-axis in the units of penetration depth of diurnaltemperature variations `d. See the text for discussion.

Figure 4.8: The dependence of the Yarkovsky semimajor axis drift on the depth of the regolithlayer (x-axis) and its thermal conductivity (y-axis). The thick solid straight line representsthe penetration depth of diurnal temperature variations `d, while dashed ones correspond to1=4 `d and 4 `d. The thick contour corresponds to a value �5:5� 10�4 AU/Myr and dotted areaindicates a 10% interval of its uncertainity.
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Figure 4.9: Left: The abundance of slopes for the asteroid (6489) Golevka. Right: The distri-bution of gravitational plus rotational acceleration across the surface of asteroid Golevka. Theshort lines correspond to directions and the colors to magnitudes of accelerations on the surface.(White color corresponds to the lowest value (gmin = 1:35 � 10�4 m/s2) and blue color to thehighest value(gmax = 1:86 � 10�4 m/s2).)



CHAPTER 4. THE YARKOVSKY EFFECT 574.3.3 (4179) Toutatis - an asteroid with non-principal axis rotationThis section is based on the investigation presented in [ �Capek and Vokrouhlick�y, 2005a]and [Vokrouhlick�y et al., 2005a].(4179) Toutatis, a body with dimensions� 4:6�2:4�1:9 km, is an Apollo-type asteroid in the3:1 mean motion resonance with Jupiter and in the 1:4 mean motion resonance with the Earth.During its frequent close encounters to the Earth, radar observations revealed its irregularlyelongated shape [Hudson et al., 2003], non-principal axis spin state [Hudson and Ostro, 1995]and precisely determined its orbit.[Vokrouhlick�y et al., 2000] studied a possibility of the Yarkovsky e�ect detection on thisbody, but several mistakes occurred in their calculations. [Vokrouhlick�y et al., 2005a] correctedthe older results, taking into account the right shape, dimensions, the non-principal axis rotation,and solved the HDE numerically. In the following text we shall brie
y describe our method usedin [Vokrouhlick�y et al., 2005a].The modelWe have used a reduced shape model determined by [Hudson et al., 2000]. This model consistsof 12796 surface facets (see Appendix D).The main problem, we faced in this case, was the non-principal axis rotation of Toutatis.In the body-�xed frame, the spin axis wobbles about the long principal axis with a period of5:367 days and this axis precedes about the angular momentum axis with period 7:420 days[Ostro et al., 1999]. The orientation of such a freely rotating body never exactly reaches theinitial orientation. It can pose a problem for the HDE solution, since we do not dispose with acondition of its exact periodicity.We �rst determined the orientation of Toutatis by a numerical solution of Euler equations(see [Kryszczy�nska et al., 1999]):A _!A + (C �B)!B !C = 0; (4.6)B _!B + (A� C)!C !A = 0; (4.7)C _!C + (B �A)!A !B = 0; (4.8)_� = !A sin + !B cos sin � ; (4.9)_ = !C � cos �sin � (!A sin + !B cos ); (4.10)_� = !A cos � !B sin ; (4.11)where �,  and � denote Euler's angles, A < B < C principal moments of inertia and !A, !Band !C are projections of spin vector to the principal axes (A is the longest axis and C theshortest one). The �rst set of equations solves for the spin axis vector with respect to the bodyframe whereas the second one solves for the orientation of the body with respect to the inertialframe.We used the initial conditions listed in Table 4.4 and propagated them for one orbital period8.Then we determined deviations of the body axes from the initial position as a function of timeand searched for the best agreement with the initial orientation. We found that Toutatis reaches8The angles had been transformed due to a di�erent orientation of our shape model.



CHAPTER 4. THE YARKOVSKY EFFECT 58�0 �103� !A 20:7�/day 0 �134� !B 31:3�/day�0 97� !C 98:0�/dayTable 4.4: Initial conditions of the Toutatis's rotation taken from [Ostro et al., 1999], Table VII.The data corresponds to the date Dec 11, 1992, 9:21 UTC.
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Figure 4.10: Angular deviations of the x (thin solid curve), y (dotted curve), and z�axis (dashedcurve) from initial orientation in space as a function of time for asteroid (4179) Toutatis. Herewe show only a short segment of 20 days near one revolution period of the asteroid. The thicksolid curve denotes the maximal angular deviation. Almost the same orientation as the initialone is reached after 1454.4 days, which is very close to the orbital period 1451.7 days, denotedby the arrow.a nearly identical orientation in the space with a period 1454:4 days, which is close to the orbitalperiod Porb = 1451:7 days (see Figure 4.10). This result is very surprising and we have noexplanation for this fact yet. In any case, this circumstance greatly helps the HDE solutionbecause we may use the near periodicity of Toutatis' orientation in space as a boundary conditionin the time coordinate.The semimajor axis of Toutatis' orbit was then slightly changed in order the orbital period tobe exactly 1454:4 d (due to the periodic initial condition). We assumed these orbital parameters:semimajor axis a = 2:5123 AU, excentricity e = 0:64038, inclination i = 0:466�, argument ofperihelion ! = 276:2� and ascending node 
 = 126:6�.With known orientation in space, we determined the insolation of each facet. (Includinge�ects of self-shadowing between di�erent surface elements { see Appendix B.) For the surfacetemperature determination we chose the following thermal parameters: thermal capacity c =800 J/kg/K, surface density �s = 2 g/cm3, bulk density �b = 2:6 g/cm3, Bond albedo A = 0:08and the emisivity � = 0:92. We assumed values of the thermal conductivity K from 5� 10�4 to5� 10�1 W/m/K.
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Figure 4.11: The orbit averaged semimajor axis drift for asteroid (4179) Toutatis as a functionof the thermal conductivity. The thick solid line represents the result obtained by a precisenumerical method, while the other two curves correspond to simpli�ed analytical approaches.For more information see the text.Thanks to Toutatis' slow rotation, we can solve the one-dimensional HDE by a one-levelscheme, during orbital period, from the surface to the depth of 15`s (see Appendix A). Wemade 5 iterations, leading to the temperature precision better than 0:009 � 0:04 K, dependingon the thermal conductivity. The timestep was 125 s (62 s in the case of K = 5�10�4 W/m/K).The spatial steps increased with the depth according to �xk = �x0 exp(0:1 k), where the initialspatial step was 1=200 `s.With the converged solution of the surface temperature and the known orientation of thebody we computed the corresponding Yarkovsky e�ect by the same way as in the case of Golevka(Section 4.3.1).ResultsThe resulting orbit-averaged semimajor axis drift can bee seen in Figure 4.11. We comparedthis result with an estimation by a simpli�ed analytical method (solving the linearized HDE). Inthe analytical approach, Toutatis was represented by a sphere of the same mass as real asteroid.Moreover, we assumed regular rotation about the vector of Toutatis angular momentum whichhas the pole ` = 180�, b = �52� in ecliptical coordinates. We chose two periods: 7:24 d and5:367 d. The result of the analytical method (solving linearized HDE) with the period 7:24 d isin a surprisingly good agreement with the more sophisticated numerical theory.We predicted the range9 o�set +40�s between Yarkovsky and non-Yarkovsky orbit duringits encounter with Earth in October 2004, giving a good perspective of a second direct detectionof the Yarkovsky e�ect.Unfortunately, the detection failed so far. The measurement of the range o�set led to the9The Range means the quantity 2�R=c, where �R is the distance from the Earth (radar) to the asteroid, andc is the speed of light.



CHAPTER 4. THE YARKOVSKY EFFECT 60value (�23:5 � 4)�s. According to [Vokrouhlick�y and Chesley, personal communication], thiswas caused by several facts: (i) the Yarkovsky force was badly incorporated into the softwarecomputing the orbit. The correct value of the Yarkovsky range o�set should have been (+16�5)�s (instead of +40�s) on October 7th 2004. (ii) More importantly, the e�ects of asteroidperturbers, and their poorly known masses, were not taken into account, though they are veryimportant. Thus the combination of the Yarkovsky and asteroidal perturbations leads to therange o�set (�41� 18)�s. Then the observation (�23:5� 4)�s �ts into the predicition but thedi�erence between the \Yarkovsky" and \non-Yarkovsky" models is not statistically signi�cantyet (due to the large uncertainities). It is yet to be determined if data from the 2008 radarranging will allow a clear detection of the non-gravitational signal.



CHAPTER 4. THE YARKOVSKY EFFECT 614.3.4 2000 DP107 { a binary systemThe section is based on the investigation presented in [ �Capek and Vokrouhlick�y, 2005a]and [Vokrouhlick�y et al., 2005b].Radar observations of 2000 DP107 ([Margot et al., 2002]) revealed this object is a binary sys-tem consisting of a primary with diameter � 800 m and a secondary with diameter � 300 m. Theorbital period of the pair is P2 = 1:755 day, the rotation period of the primary is P1 = 2:77536 h,while the secondary has a synchronous rotation. [Margot et al., 2002] also estimated the pa-rameters of the relative orbit: semimajor axis a = 2622 m, excentricity e = 0:01, inclinationi = 17�, argument of perihelion ! = 7� and ascending node 
 = 10� with a large error in ! dueto almost circular orbit. Binary nature of this body helped to determine the mass of the sys-tem M = 4:6 � 1011 kg and corresponding bulk density of the primary component as 1:7 g/cm3(we expected the same density of the secondary). The heliocentric orbit of the whole systemis characterized by the semimajor axis a = 1:3662 AU, excentricity e = 0:376863, inclinationi = 8:663�, argument of perihelion ! = 289:687� and ascending node 
 = 358:829�.We studied this system [�Capek and Vokrouhlick�y, 2005a], [Vokrouhlick�y et al., 2005b] as anexample of the Yarkovsky e�ect in
uence on binary asteroid. In this cases the Yarkovsky forcea�ects both the motion of the center of mass (COM for short) of the system and the relativemotion of the components.The modelMost parameters of the relative orbit and orbit of the COM were taken as above. The onlyexception was the semimajor axis of the COM and primary's rotation period that were changed10slightly, in order to the ratios between orbital period Porb of COM, rotation period of secondaryP2 and rotation period of primary P1 were integers: Porb : P2 = 332 : 1 and Porb : P1 = 5034 : 1.Next we expected the spin axes of both components are perpendicular to the plane of mutualmotion. The corresponding pole in ecliptical coordinates is ` = 280� and b = 73�. We modeledboth components as spheres with appropriate diameters, which were approximated by regularpolyhedrons with 1004 triangular facets. In contrast to other studied bodies, the self shadowingof the asteroid's surfaces plays only a minor role here, but the mutual shadowing of both com-ponents during the revolution about the COM is very important and we had to incorporate thisphenomenon into our model.The thermal capacity was assumed c = 800 J/kg/K, the bulk and surface density �b = �s =1:7 g/cm3, the albedo A = 0:1 and emisivity � = 0:9. We computed the Yarkovsky e�ect forthermal conductivities in the range from 0.001 W/m/K to 1 W/m/K.We solved the HDE by a one-level scheme (see Appendix A) with an exponentially increasingspatial step. The exponent was 0:1 and the initial step �x0 = 0:36 `d for the primary, and �x0 =0:18 `d for the secondary, where `d represents the penetration depth of diurnal temperaturevariations. The lower boundary condition lied in the depth 15`s, where `s is penetration depthof the seasonal temperature variations. The time step was 50 s for the primary and 200 s for thesecondary. We determined the Yarkovsky acceleration f1 for primary and f2 for the secondaryseparately. The Yarkovsky acceleration of the whole system (COM) is given byfCOM = f1M1 + f2M2M1 +M2 (4.12)and the Yarkovsky perturbation of the relative motion is given by:10to the values a = 1:365264 AU and P1 ' 2:7779 h.



CHAPTER 4. THE YARKOVSKY EFFECT 62�f = f2 � f1: (4.13)ResultsFirstly, we focus on Yarkovsky perturbations of the COM motion. Figure 4.12 shows the orbitaveraged semimajor axis drift due to the Yarkovsky e�ect. We also computed the Yarkovskye�ect only for primary - both analytically and numerically. We can see that the contribution ofthe secondary to the whole e�ect is negligible for low conductivities and its signi�cance increaseswith thermal conductivity. This can be explained by the fact that the Yarkovsky e�ect for theprimary decreases with increasing K more quickly than for the secondary due to the rapidrotation of the primary, and thus vanishing diurnal temperature variations for high K. We canalso see the disagreement of the linearised analytical solution with the numerical one for low K,due to higher temperature variations, causing the HDE linearization to fail.The time dependence of the absolute value of Yarkovsky acceleration is shown in Figure4.13. We can see deep minima of the secondary's acceleration due to its eclipses. The eclipsesare total near the perihelion and apohelion and they are partial near the quadratures. Eclipsesof the primary are only partial and minima of the acceleration of this component are smaller.After the main minimum we can observe oscillations with decreasing amplitude and a periodequal to the rotational period of the primary. This phenomenon is caused by the rotation of acold spot arose from the passage of the secondary's shadow and its subsequent warming.The Yarkovsky perturbation of the relative motion is caused by �f . The most importantis the component parallel to the relative motion �f� . In the long time scales this componentproduces a linear increase of the mutual distance and a quadratic advance of the longitude inthe relative orbit. The orbit averaged h�f� i as a function of the surface thermal conductivity isshown in Figure 4.14.The time dependence of the along-track component is shown in Figure 4.15. During ashadowing of the secondary, �f� temporarily increases. This is because the shadow at �rstreaches the morning side of the secondary and then this side is colder than the evening one,causing an increase of the along-track component of the Yarkovsky force. An opposite situationoccurs during an emersion from the shadow. Due to thermal relaxation after occulations, thealong-track component �f� does not average to zero (like the solar radiation pressure) and canproduce observable e�ects [Vokrouhlick�y et al., 2005b].We demonstrated the Yarkovsky e�ect is able to produce both perturbations of a heliocentricorbit of the COM and perturbations of a relative orbit of components about the common COM.Both these e�ects can serve to a detection of the Yarkovsky e�ect, but in the case of 2000 DP107,the e�ect on the relative motion is too small to be detected. Detection of Yarkovsky e�ect viaits in
uence on the COM motion can be successful in 2016 if radar observations in 2008 aresuccessful.Our model is able to describe the Yarkovsky e�ect on binary asteroids but in this particularcase, the approach is very simpli�ed. This is mainly due to unknown orientation of spin axes,unknown shapes and due to an uncertain evolution of the rotational states and the relative orbitby tides. In the future we plan an application to better characterized systems, such as (66 391)1999 KW4 [Ostro et al., 2006].4.3.5 DiscussionWe are able to determine the Yarkovsky e�ect for a wide variety of asteroids: simple cases ofspherical bodies with semimajor axis rotation, as well as irregularly shaped bodies, tumbling



CHAPTER 4. THE YARKOVSKY EFFECT 63asteroids or binaries. Our model realistically describes the thermal behaviour of the surfacematerial (the temperature and spatial dependence of the thermal parameters).The knowledge of the Yarkovsky e�ect is necessary for the prediction of the asteroid's orbit.For instance, the precise knowledge of the orbit is important in the case of potential Earthimpactors.The Yarkovsky and YORP e�ect can be also used for determination of the thermal conduc-tivity of the asteroid's surface and its bulk density �b and consequently the mass, porosity andtype of the surface material (the fresh rock, regolith or mixture of them).The independent measurement of the bulk density via direct detection of the Yarkovsky e�ectalone is not possible, because bulk density is coupled with the surface thermal conductivity K as�bK. However, if the Yakrovsky and the YORP e�ect are measured together, the independentdetermination of �b and K is possible. (See Chapter 3.)
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Figure 4.12: The orbit averaged semimajor axis drift da=dt for 2000 DP107. The solid linerepresents numerical results for the whole system, while the dashed one is computed for theprimary alone. The dotted line corresponds to the analytical results for a solitary primary.
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Figure 4.13: The absolute value of the Yarkovsky acceleration of 2000 PD107 as a function oftime for the thermal conductivity K = 0:01 W/m/K. Lower �gure shows the acceleration of theprimary (the curve with a smaller amplitude) and the secondary (the larger amplitude) duringone revolution about the Sun. Upper �gures show in detail the situation near the perihelion(left) and aphelion (right) during one revolution of the components about the COM. Here theupper grey curve denoted by \2" represents the secondary, the lower denoted by \1" the primaryand the black curve corresponds to the acceleration of the COM (according to Equation (4.12)).More explanation in the text.
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Figure 4.14: The orbit averaged along-track component f� as a function of the surface thermalconductivity K.

Figure 4.15: The long-track component of �f as a function of time. Left plot shows the depen-dence during one revolution about the COM. The vertical lines correspond to the entry and exitof occulations. The �rst is the occulation of the primary and the second the partial occulationof the secondary. The dashed line denotes an e�ect of the solar radiation pressure, the solidcurve denoted by \1" corresponds to the thermal conductivity K = 1 W/m/K and the solidcurve denoted by \2" to K = 0:001 W/m/K. Right plot zooms the occulation of the secondary.Dotted curves correspond to a situation when no occulations occur.



CHAPTER 4. THE YARKOVSKY EFFECT 674.4 Summary� Our numerical model was used succesfully for the prediction and the following detectionof the Yarkovsky e�ect on asteroid (6489) Golevka. It was the �rst direct detection of thisphenomenon e�ect on a natural body.� We also computed the Yarkovsky e�ect and estimated possibilities of the detection forseveral other asteroids. We are able to describe highly eccentric orbits, non-principal axisrotation (e.g., (4179) Toutatis), or mutual shadowing in components of binary systems(e.g., 2000 DP107).� On the basis of the detected Yarkovsky orbital drift for (6489) Golevka and our modelinvolving depth and temperature dependence of thermal parameters, we estimated thedepth and thermal conductivity of the surface regolith layer.� We compared the results of the analytical theory with our sophisticated numerical modeland concluded that the analytical model mostly gives very similar results as the numericalone.� In contrast to the YORP e�ect, where the shape plays a key role, we showed near completeindependence of the Yarkovsky e�ect on the detailed shape of the body.� As a by-product, we revealed an interesting agreement between the orbital period of thetumbling asteroid (4179) Toutatis and the period needed to its return to the initial orien-tation with respect to the inertial system (i.e., its \rotational" period).



Appendix AThe heat di�usion equationThis chapter deals with a problem of the determination of the asteroid's surface temperature,which is necessary for the calculation of the Yarkovsky force and the YORP torque. We willassume that the asteroid is thermally relaxed, this means the temperature variations are causedby insolation only. Neither radiogenic nor other sources of heat are taken into account.A.1 IntroductionA.1.1 Derivation of the Heat Di�usion EquationAny gradient of the temperature rT inside a body is connected with the heat 
ow q accordingto Fourier's law: q = �KrT; (A.1)where K [W m�1 s�1] is the thermal conductivity. This heat 
ow through the closed surface Sincreases an energy of the enclosed volume V of a body after time dt by�Q = �IS q � dS dt = ZV r � (KrT ) dV dt; (A.2)The second law of thermodynamics is1 (e.g. [Svoboda and Bakule, 1992]):�Q = T ds = T @s@t dt;and for the volume V : �Q = ZV T @s@t dt dV; (A.3)where s is density of entropy. Together with equation (A.2) we have (assuming there is nodeformation): T @s@t = r � (KrT ): (A.4)If there are no heat sources, as a decay of radioactive elements, and no deformations (i.e.,constant volume) we can write @s(T )@t = @s@T @T@t = � cvT @T@t ;1We use the notation �Q instead of dQ, because Q depends on the integration path between initial and �nalstate, i.e., �Q is not a total di�erential. 68



APPENDIX A. THE HEAT DIFFUSION EQUATION 69where cv [J kg�1 K�1] is the speci�c heat capacity2 for constant volume. Finally, together with(A.4) we can obtain the heat di�usion equation (HDE for short)�cv @T@t = r � (KrT ); (A.5)which is a second order partial di�erential equation of parabolic type for the temperature T (r; t)as a function of position r and time t. Due to simplicity, we are using the notation \c", but italways means \cv".A.1.2 Initial and boundary conditionsThe uniqueness of the solution of the HDE requires additional equations constraining the tem-perature �eld. These are called initial and boundary conditions.An initial condition de�nes temperature �eld in a given time � : T (t = �; r) = f1(r);alternately, the initial condition can be sometimes replaced by periodic boundary conditionT (t; r) = T (t+ P; r), where P is the constant period.boundary condition describes the behavior of the temperature at the boundaries of the body.Here we list a few examples of the most common boundary conditions (e.g., [Isachenko et al., 1969],[Vit�asek, 1987]).� If the temperature is prede�ned at the boundary as a function of time, T (t; r) = f2(t; r)for r 2 �, then it is called the Dirichlet condition.� The Neumann condition speci�es the gradient of the temperature at the boundary: rT (t; r) =f3(t; r) for r 2 � and actually represents a contact with a de�ned thermal 
ux.� Another type of boundary condition describes a cooling or heating of the body by asurrounding reservoir. Then the heat 
ux is proportional to heat-transfer coe�cient �(W/m2) and the di�erence between the temperature of the body's surface T (t; r 2 �) andtemperature of the reservoir T�: �KrT (t; r 2 �) = �(T (t; r 2 �)� T�). In fact, this is acombination of Dirichlet and Newmann boundary condition.All these boundary conditions are linear in the temperature. In the following sections we facea more complicated non-linear boundary condition, which stems from the energy conservationlaw on the surface, where the heat transfer by the radiation and the conduction occurs.A.1.3 Thermophysical parametersIn a solid material with a non-zero porosity the heat is transferred by the conduction and by thethermal radiation in the voids. The thermal conductivity K can be divided into the conductionterm Ka and temperature-dependent radiative term KbT 3:K = Ka +KbT 3: (A.6)The typical values of both terms for various materials are shown in Table A.1.The thermal capacity c also depends on temperature. This dependence is often approximatedby a power law. [Winter and Saari, 1969] derived a model, that is appropriate for a wide range ofmaterials (Ca-feldspar, magnesium silicate, quartz, basalt, diorite, granite) and for temperaturesfrom few tens to � 500 K:c(T ) = �0:034T 1=2 + 0:008T � 0:0002T 3=2: (A.7)2Sometimes called thermal capacity.



APPENDIX A. THE HEAT DIFFUSION EQUATION 70Material Ka (W/m/K) Kb (W/m/K3)Moon's regolith 0:001 � 0:002 � 2� 10�11Basalt powder 0:002 � 0:005 � 4� 10�12Fresh basalt 2:56 0Table A.1: Typical thermal conductivities ([Urquhart and Jakosky, 1997])[Urquhart and Jakosky, 1997] use another model for lunar materials in the range from 70 K to400 K: c(T ) = �0:037 + 4:98 � 10�3 T � 8:21 � 10�6 T 2 + 5:19 � 10�9 T 3: (A.8)The thermal capacity c(T ) for both models can be seen in Figure A.1.
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Figure A.1: Dependance of the thermal conductivity c on the temperature according to[Winter and Saari, 1969] (solid) and [Urquhart and Jakosky, 1997] (dashed).We shall demonstrate the importance of these variable thermal parameters on the example ofasteroid (6489) Golevka. In the perihelion (0.99 AU), the mean temperature at the equator (forzero albedo) is approximately 297 K and the corresponding thermal capacity c � 800 J/kg/K.The mean temperature in the aphelion (4.01 AU) is 148 K, which corresponds to c � 400 J/kg/K.The value of the thermal capacity does not depend on the chemical composition of the materialand it changes solely due to temperature dependence by � �33%.If we turn our attention to the thermal conductivity, we can see that its value dependsespecially on the type of material, rather then on temperature. Material like Moon's regolithhas K � 0:00106 W/m/K and 0:0015 W/m/K at the aphelion and perihelion respectively. Fordi�erent materials the value of K may di�er by 3 orders of magnitude (see Table A.1).We can conclude that the material dependence of the thermal conductivity is the mostimportant. The knowledge of surface material and especially its K is a crucial factor for correctdetermination of the temperature and consequently the Yarkovsky/YORP e�ect.Except for the laboratory measurements of lunar or terrestrial materials ([Cremers, 1972],[Winter and Saari, 1969], [Urquhart and Jakosky, 1997]), we mention several more ways how toestimate surface thermal properties of asteroids: laboratory studies of their meteorite equivalents



APPENDIX A. THE HEAT DIFFUSION EQUATION 71[Yomogida and Matsui, 1983], direct measurements of the Yarkovsky e�ect [Chesley et al., 2003],or infrared observations of asteroids [Delb�o et al., 2007].For the purpose of this section we shall to introduce very useful quantity describing thethermal wave propagation, which is penetration depth of the temperature variations` = s K�c! : (A.9)Here ! denotes a frequency of variations of the temperature3. In fact, this represents a depth,where the amplitude of the surface temperature variations decreases by a factor 1=e.A.2 One dimensional approach[Vokrouhlick�y, 1999] presented an analytical solution of the linearized HDE in three dimensionsfor a spherical body. Unfortunately, the analytical solution of the HDE for irregularly shapedobjects is not known. Moreover, the numerical solution of the HDE in three dimensions is unac-ceptably time-consuming (and computer's memory-intensive) in our applications. Fortunately,there are possibilities how to avoid the solution of the complete HDE (A.5).If several conditions are ful�lled, the surface temperature of irregularly shaped asteroids canbe determined by separate solutions of one dimensional-HDE for each surface element individ-ually. We assume the surface of an asteroid is approximated by a polyhedron composed of alarge number of triangular facets. Next we assume that� the temparature of each surface element does not signi�cantly a�ect its neighbouringelements,� depth of the layer thermally a�ected by solar radiation is much smaller than size of theasteroid.If this is ful�lled, we can determine the temperature of any surface elements separately, usingone-dimensional form of the HDE: �c@T@t = @@z �K @@zT� ; (A.10)where z coordinate represents depth below the surface4. This approach can be quantitativelytested by means of penetration depth of seasonal temperature variations `n, which correspondsto Equation (A.9) with frequency equal to the mean motion n. The thermal variations mustoccur only in a relatively thin layer close to the surface, which is thin compared to the dimensionof the asteroid.Figure A.2 shows, how the depth `n depends on surface thermal conductivity K. If a mainbelt body (a = 2:5 AU) has a regolith layer with K = 0:001 � 0:01 W/m/K, then this depth isseveral tens of cm. For s body with a fresh surface (K = 1 � 10 W/m/K), `n may be severalmeters. The penetration depth of the diurnal temperature wave (assuming rotational period6 hours) is about 100 times smaller than seasonal. So, our one-dimensional approach can beused for regolith covered bodies larger than several meters and regolith free bodies larger thanseveral tens of meters.The two boundary conditions complement the HDE. The �rst one arises from the energyconservation at the surface (z = 0):3Usually diurnal and seasonal frequency, i.e., rotation frequency or the mean motion about the Sun.4Its value increases from the surface into the centre of the body.
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Figure A.2: The dependence of the seasonal temperature penetration depth on the thermalconductivity. The upper line corresponds to the orbital period 3:95 yr, that is appropriate forbodies with the semimajor axis a = 2:5 AU. The lower one denotes the penetration depth ofdaily temperature variations (P = 6 hr). The thermal capacity is assumed 800 J/kg/K and thedensity 2500 kg/m3. �K@T (t; 0)@z + ��T 4(t; 0) = (1�A)E(t) : (A.11)Here � = 5:6697 � 10�8JK�4 is the Stephan{Boltzmann constant, � the infrared emisivity,A the Bond albedo and E(t) the insolation of the surface element. The �rst term on theleft hand side represents the energy conducted into core, the second term (which is usuallylinearized in analytical theories) is the energy thermally radiated into space and the right handside term describes the absorbed solar energy. The second boundary condition corresponds tothe assumption of the isothermal core of the asteroidlimz!1 @T (t; z)@z = 0 : (A.12)We also use the periodic initial condition arising from the assumption that the body is thermallyrelaxed: T (t; z) = T (t + P; z); (A.13)where P is usually the orbital period.A.3 Linearized analytical solutionsA.3.1 In�nite regolith depthIn this section we shall assume the case of material parameters K, c, � which depend neither ondepth nor temperature. Then the heat di�usion Equation (A.10) reads�c@T@t = K@2T@z2 : (A.14)



APPENDIX A. THE HEAT DIFFUSION EQUATION 73We introduce new variables according to [Vokrouhlick�y, 1998a], which are appropriate for solvingthis equation. Instead of time t we use � = exp (int), where n is a mean motion, and the depthis replaced by x = z=`. Next we assume the temperature can be split into constant and variablecomponent and we express it in terms of mean temperature T? as T = T?(1 + �T 0). The meantemperature T? follows from the balance between the emmited and the absorbed energy,��T 4? = (1�A)E?;where E? = hE(t)i is the mean value of the insolation at the given surface element. With thesevariables, the heat di�usion equation (A.14) has a formi� @@� �T 0(�; x) = @2@x2 �T 0(�; x): (A.15)If �T 0 � 1 then T 4 = T 4? (1+4�T 0+O(�T 02)) and we can linearize the surface boundary condition(A.11), which now reads: �� @@x�T 0 + 4�T 0 + 1 = E 0; (A.16)where E 0 = E=E? and � = p�cKn��T 3? : (A.17)Note, that � is the only dimensional-less quantity left in the heat di�usion problem; it is oftencalled the thermal parameter (e.g. [Spencer et al., 1989]). The boundary condition (A.12) in thecore of an asteroid reads limx!1 @@x�T 0 = 0 : (A.18)If the insolation term can be written as a sum of Fourier coe�cientsE 0 = +1Xk=�1 fk�k; (A.19)and consequently the temperature variations will have simillar form�T 0(�; x) = +1Xk=�1ak(x)�k: (A.20)Substitution these expressions to (A.15) and comparison of terms with the same power of � leadsto a set of second order linear di�erential equationsd2dx2 ak(x)� ikak(x) = 0; (A.21)which has general solution ak(x) = Ak exp(pikx) +Bk exp(�pikx):Since p�i jkj = pjkj=2 (i� 1), we have



APPENDIX A. THE HEAT DIFFUSION EQUATION 74a0 = A0 +B0xak>0(x) = A0k exp�pjkj=2 (i+ 1)x�+B0k exp��pjkj=2 (i+ 1)x� ;ak<0(x) = A0k exp�pjkj=2 (i� 1)x�+B0k exp��pjkj=2 (i� 1)x� :The cases with k 6= 0 can be collected into a single expressionak 6=0(x) = Ak exp(� kx) +Bk exp( kx); (A.22)where  k = pjkj=2 (1 + i sgn k): (A.23)The Bk coe�cients must be zero due to the constant temperature in the large depth (A.18). TheAk coe�cients can be expressed by the substitution (A.22) and (A.20) into to surface boundarycondition (A.16):�� +1Xk=�1Ak  k exp(� kx) �k + 4 +1Xk=�1Ak exp(� kx) �k + 1 = +1Xk=�1 fk �k:Comparison of the terms with the same power of � leads toAk = fk4 + �  kfor k 6= 0. Since A0 = (f0 � 1)=4 and f0 = 1 the coe�cient A0 = 0. Finally, we haveT (t; z) = T? 1 + +1Xk=�1 fk4 + �  k exp(� k z̀ + iknt)! : (A.24)Since E 0 is a periodic real function then fk = f�k for k = 2l and fk = �f�k for k = 2l + 1.Moreover f2l is a real number, while f2l+1 is an imaginary number. After a little algebra we endup with the expression for the temperature:T = T? 241 + 12 1Xk=2;4;:::fk exp �rk2 x! [(1 + �k) cos�k + �k sin�k]+12 1Xk=1;3;::: i fk exp �rk2 x! [�k cos�k � (1 + �k) sin�k]35 ; (A.25)where �k = �pk=32 and �k = �pk=2 x+ knt. From this expression we can conclude, that theamplitude of the temperature variations decreases with increasing depth below the surface ase�pk=2x. There is also a thermal lag (given by the combination of trigonometric functions in(A.25)).



APPENDIX A. THE HEAT DIFFUSION EQUATION 75A.3.2 Finite regolith depthHere we assume a more general model for a body which surface is covered by a regolith layer ofdepth h, with the density �1, thermal capacity c1 and thermal conductivity K1, while the corehas the material parameters �2, c2, K2. We also assume these constants do not depend on tem-perature. (A similar model for a spherical body was derived by [Vokrouhlick�y and Bro�z , 1999].)Similarly as in the previous section we introduce new variables. In the regolith layer x1 = z=`1,`1 = pK1=(�1 c1n) and temperature T1 = T?(1+�T 01), in the core x2 = z=`2, `2 = pK2=(�2 c2n)and T2 = T?(1 + �T 02). Then the heat di�usion Equation (A.14) has a formi� @@� �T 01(�; x1) = @2@x21 �T 01(�; x1) (A.26)in the regolith layer and i� @@� �T 02(�; x2) = @2@x22 �T 02(�; x2) (A.27)in the core. The surface boundary condition is similar to (A.16)�� @@x1 �T 01 + 4�T 01 + 1 = E 0; (A.28)as well as the requirement of the constant temperature in large depth, corresponding to (A.18)limx2!1 @@x2 �T 02 = 0 : (A.29)Compared to the case of homogeneous material, discussed in the previous section, here we havetwo additional conditions on the regolith-core boundary. The �rst stems from the assumptionof the temperature continuity5 limx1!h�1 �T 01 = limx2!h+2 �T 02; (A.30)and the second one corresponds to the thermal 
ux continuitylimx1!h�1 �1 @@x1 �T 01 = limx2!h+2 �2 @@x2 �T 02: (A.31)Here h1 = h=`1 and h2 = h=`2. Using the same technique as in the case of homogeneousmaterial, we obtain the temperature in the regolith layer as�T 01(�; x1) = +1Xk=�1ak(x1)�k; (A.32)where5Note that x1 ! h�1 means that x1 approaches h1 from lower values of x1 and x1 ! h+1 means that x1approaches h1 from higher values of x1.



APPENDIX A. THE HEAT DIFFUSION EQUATION 76ak 6=0(x1) = Ak exp(� kx1) +Bk exp( kx1) (A.33)and a0 = A0 + B0 x1. Let us recall that  k is de�ned by Equation (A.23). Temperature in thecore is �T 02(�; x2) = +1Xk=�1 bk(x2)�k; (A.34)where bk 6=0(xb) = Ck exp(� kx2) +Dk exp( kx2) (A.35)and b0 = C0 + D0 x2. The four boundary conditions mentioned above can be used to expressthe coe�cients Ak, Bk, Ck and Dk. The assumption of constant temperature in the large depth(A.29) can be satis�ed only if Dk = 0 (but note that Bk 6= 0). At �rst, we discuss coe�cientswith k 6= 0. The energy balance on the surface (A.28) leads to(�1 k + 4)Ak � (�1 k � 4)Bk = fk: (A.36)The temperature continuity on the regolith-core boundary (A.30) readsexp(� kh1)Ak + exp( kh1)Bk � exp(� kh2)Ck = 0; (A.37)and the thermal 
ux continuity on the same boundary (A.31) reads� exp(� kh1)Ak + exp( kh1)Bk + �2�1 exp(� kh2)Ck = 0: (A.38)Putting these results together we obtainAk = fk�k ��2�1 + 1� ; (A.39)Bk = � fk�k ��2�1 � 1� exp(�2 kh1); (A.40)Ck = 2 fk�k �2�1 exp [ k(h2 � h1)]; (A.41)where �k = �2�1 h�1 k �1 + e�2 kh1�+ 4�1� e�2 kh1�i+ h�1 k �1� e�2 kh1�+ 4�1 + e�2 kh1�i : (A.42)For k = 0, the conditions (A.28), (A.30) and (A.31) lead to��1B0 + 4A0 + 4B0 + 1 = f0;A0 +B0h1 = C0 +D0h2;



APPENDIX A. THE HEAT DIFFUSION EQUATION 77�1B0 = �2D0 = 0;and consequently A0 = B0 = C0 = D0 = 0:Finally, in the regolith layer (z < h) we haveT = T?(1 +Xk fk exp(iknt)�k ���2�1 + 1� exp(� kx1)���2�1 � 1� exp( kx1 � 2 kh1)�) ;(A.43)and in the core (z > h)T = T?(1 + 2�2�1 Xk fk�k exp[ k(h2 � h1 � x2) + iknt]) : (A.44)All the sumations are made from k = �1 to k = 1, without k = 0.We can see, that these expressions for temperature inside a two-layered body approach theexpression (A.24), describing the temperature in a homogeneous body. In particular, (A.43)approaches (A.24) when h ! 1, (A.43) approaches (A.24) when h ! 0 and both (A.43) and(A.44) approach (A.24) when c1 ! c2 and K1 ! K2 and �1 ! �2.A.4 A numerical method for constant material parametersThe linear analytical theories are valid when the temperature variations are relatively small;for larger variations the linearization fails. Moreover, present analytical theories are derived onthe basis of several simpli�cations (e.g., the temperature independence of thermal parameters).In this section we shall derive a numerical model that uses non-linearized boundary condition.This model can be used even for cases with large temperature variations.If the depth z is scaled by `n and time by orbital period P , then the heat di�usion equation(A.14) has a form @T@t = @2T@x2 ; (A.45)where t 2 (0; 1) and x = z=`n. The energy conservation law on the surface (A.11) reads��@T (t; 0)@x + ��T 4(0; t) = (1�A)E(t) (A.46)and the lower boundary condition (A.12)limx!1 @T (t; x)@x = 0: (A.47)Derivatives must be expressed in terms of �nite di�erences. We suppose constant time step�t = 1=L, where L is the number of time intervals. Time will be denoted by an upper in-dex l = 1 : : : L. Since analytical theory predicts exponential decrease of amplitude of temper-ature variations, we chose exponentially spatial step exponentially increasing with depth (like[Hamilton and Matson, 1987]) as �xj = xj+1�xj = �x0 exp(�j) with j = 0 : : : hmax�1. Lowerindex will denotes spatial coordinate. Then partial derivatives of the temperature according totime or depth are



APPENDIX A. THE HEAT DIFFUSION EQUATION 78�@T@t �lj = T l+1j � T lj�t ; �@T@x�lj = T lj+1 � T lj�xj ; (A.48)@2T@x2 = 1�xj "�@T@x�lj ��@T@x�lj�1# = 1�xj "T lj+1 � T lj�xj � T lj � T lj�1�xj�1 # : (A.49)Using these expressions, the HDE (A.45) readsT l+1j = T lj + �t�xj  T lj+1 � T lj�xj � T lj � T lj�1�xj�1 ! ; (A.50)which represents an explicit formula for the temperature at time l. Here j = 1 : : : J � 1 andl = 1 : : : L. Selection of the time step and initial spatial step is restricted by von Newmannstability criterion6 �t=(�x0)2 < 1=2:The surface boundary condition (A.46) in terms of �nite di�erencies is�T l0�4 + p�cKn�� 1�x0T l0 ��1�A�� E l + p�cKn�� 1�x0T l1� = 0: (A.51)This equation needs to be solved numerically, for instance by the method of Laguerre (e.g.[Press et al., 1992], online version http://www.nrbook.com/a/bookfpdf.php). Finally, lowerboundary condition reads T lN = T lN�1: (A.52)These equations together with some suitable initial temperature allow to determine the temper-ature in any time tl and any depth xj.Now we will brie
y describe the algorithm how to compute the surface temperature of asingle facet of an asteroid.1. Determine the insolation function E of the given facet. This is discussed in (Appendix B).2. Chose the initial temperature so that T 0j = 4p(1 �A)hEi=(��).3. Chose the appropriate time step �t and the spatial step �x in order the von Neumanncriterion of stability is satis�ed: �x0 = 2p�t4. Find the temperatures T lj using Equations (A.50), (A.51) and (A.52) for j = 0; : : : ; J ,l = 1; : : : ; L, i.e., during the whole orbital period.5. The second choice of the initial temperature T 0j is done by averaging of the surface tem-perature T l0 over the whole orbit (i.e., for l = 1; : : : ; L): T 0j = hT l0i. The temperature iscomputed again according to 4.6Since �xi > �x0 for i > 0, then von Neumann stability criterion is ful�lled in all depths.
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Figure A.3: A \two-level scheme": In the �rst level we solve the HDE with a longer timestep �t1along the orbit and save the temperature pro�les. In the second level we choose an appropriateamount of time instants and solve the HDE with a shorter timestep �t2 for several tens ofrotational periods. Here we use initial temperature pro�le determined in the �rst level.6. The third and following choices of initial temperature are done by T 0j = TLj and new tem-perature is again computed according to 4. This is repeated until the required relaxationof temperature is reached.The time step �t must be chosen small enough, in order the time delay between the maximaltemperature and the \noon" is su�ciently covered.A problem arises, when the rotational period is small compared to the orbital period. Inthis case, the necessary number of time steps is so high, that the requirements on computer'smemory and computational time are unacceptable. We begin with a longer timestep and savethe temperature (their depth pro�les) in an appropriate amount of time instants (usually 100).Than we integrate temperature during several tens of rotational periods after these time instantsand we use the saved temperatures as the initial ones. The integration with the rough timestepgives a su�cient determination of the sesonal temperature pro�le, whereas the integration withthe �ne time step gives a precise diurnal temperature variations. We call this technique a\two{level scheme", whereas the former a \one{level scheme". See Figure A.3.A.5 Numerical method for non-constant material perametersIn this section we will deal with the case, when material parameters depend both on depthand temperature. The dependance on depth follows namely from a possible existence of surfaceregolith layer, which has several orders of magnitude lower thermal conductivity than a freshrock beneath.



APPENDIX A. THE HEAT DIFFUSION EQUATION 80A.5.1 Modi�cation of the Crank-Nicholson schemeWe can not use the explicit numerical scheme (A.50) here, because it would be very di�cult toful�ll the von Neumann stability criterion due to thermal dependence of material parameters.So, we have to modify implicit Crank-Nicholson method which is unconditionally stable andmoreover it is of second order in �t. The one-dimensional heat di�usion Equation (A.10) fornon-constant material parameters is� c @T@t = @K@z @T@z +K@2T@z2 :Expressing the partial derivatives in the terms of �nite di�erencies, we obtainT l+1j � T lj = �t�xj�ljclj "K lj+1�xj T lj+1 � K lj+1�xj + K lj�xj�1!T lj + K lj�xj�1T lj�1# ; (A.53)which allows to solve the HDE explicitely with non-constant material parameters. If the partialderivatives with respect the time are expressed in the time n+ 1, instead of n, then we obtainpurely implicit scheme:T l+1j � T lj = �t�xj�l+1j cl+1j "K l+1j+1�xj T l+1j+1 � K l+1j+1�xj + K l+1j�xj�1!T l+1j + K l+1j�xj�1T l+1j�1# : (A.54)The sum of (A.53) and (A.54) givesT l+1j+1[bl+1j al+1j ] + T l+1j [�2� al+1j (bl+1j + bl+1j�1)] + T l+1j�1[al+1j bl+1j�1] == �2T lj � alj[bljT lj+1 � (blj + blj�1)T lj + blj�1T lj�1]; (A.55)where alj = �t�xj�ljclj ; blj = K lj+1�xjfor j = 0 : : : J � 1. This, together with the lower boundary condition (bottom row), can beexpressed in the matrix notation D Tl+1 = R;or 0BBBBBBB@ Bl+11 C l+11Al+12 Bl+12 C l+12Al+13 Bl+13 C l+13: : : : : : : : :Al+1J�1 Bl+1J�1 C l+1J�11 �1
1CCCCCCCA
0BBBBBBB@ T l+11T l+12T l+13: : :T l+1J�1T l+1J

1CCCCCCCA = 0BBBBBB@ Rl1 �Al+11 T l+10Rl2Rl3: : :RlJ�10
1CCCCCCA ; (A.56)where Alj = aljblj�1; Blj = �2� aljblj � aljblj�1; C lj = aljblj;Rlj = �C ljT lj+1 + (�4�Blj)T lj �AljT lj�1
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Figure A.4: A typical example of slow convergence of surface temperature. The cross symbolsdenote iterated temperatures (65 iterations), the solid curve is temperature computed analyti-cally from the �rst four iterations. The limit temperature T1 is represented by the top margin ofthe y�axis. It can be seen, that more than 200 iterations would be necessary for good relaxationof the right value. Here, the analytical estimation of T1 is needed.for j = 1 : : : J � 1. (AlJ = 1, BlJ = �1.) The temperature in the time l + 1 can be expressedfrom the equation system (A.56) and the surface boundary condition:(T l+10 )4 + K l+10���x0T l+10 � 1�� "(1�A)En+1 + K l+10�x0 T l+11 # = 0: (A.57)System (A.56) represents a modi�ed Crank-Nicholson scheme, which is unconditionally stableand thus there are no restrictions on spatial or time step from the stability point of view.A.5.2 Improvement of the convergenceThe main trouble is that the matrix D as well as the right hand side R depends non-linearlyon the unknown temperature Tl+1. (Matrix D is expressed in the time l + 1 and containscoe�cients Al+1i , Bl+1i and C l+1i which are functions of the temperature dependent materialparameters K and c. The same situation is in the case of right hand side R.) This problem canbe solved iteratively so that initially we determine D and R using Tl instead of Tl+1. Then weobtain the �rst iteration Tl+1j0 and use it again instead of Tl+1. This would be repeated until adi�erence between i-th and (i+ 1)-th iteration will be smaller than a given precision. However,our experience shows that sometimes a huge number of iterations is necessary to reach a rightvalue of Tl+1. Thus we had to develop a technique which accelerates the convergence of Tl+1,and we describe it below.Let Ti denotes the i-th iteration of the temperature Tl+1. We expect that iterations expo-nentially approach a limit T1 which means that T1 � Ti = y1a�i. We shall try to estimatethis limit from the �rst few iterations. (See Figure A.4.)A di�erence between the zeroth and i-th iteration is yi = Ti � T0. Then yi = y1(1 � a�i)and yj = y1(1� a�j). After some algebra we obtain yi � yj = yia�j � yja�i. Assuming j = kiand substituting t = a�i we have yitk � yjt+ (yj � yi) = 0:For k = 2 the solution is



APPENDIX A. THE HEAT DIFFUSION EQUATION 82t1;2 = yj � jyj � 2yijyi ;which leads to the single value7 t = (yj�yi)=yi: This means that8 a = � yiyj�yi� 1i and y1 = y2i2yi�yj ,or by means of the temperature iterationsa = � Ti � T0T2i � Ti� 1i ; y1 = (Ti � T0)22Ti + T0 � T2i :The limit temperature is then T1 = T0 + (Ti � T0)22Ti + T0 � T2i : (A.58)If i = 2, the limit temperature can be determined from four iterations asT1 = T0 + (T2 � T0)22T2 + T0 � T4 :Here, a special care must be taken if the denominator is zero or nearly zero. This indicates,that temperature iterations converge too slowly and due to small di�erences between them theyseem to change linearly and not exponentially. In this case, we substitue i = 4, 8, 16, etc. untilthe exponential convergence (or large number of iterations) is reached. Finally, we substitutethe limit temperature T1 into (A.56) and verify it does not di�er from Tl+1.Let us to estimate the number of iterations necessary to reach a good approximation of y1.Let p = yi=y1. Then a�i = 1� p and i = � ln(1 � p)= ln(a). For example, if we want yi to be99% of y1, we need roughly � ln(0:01)= ln(a) iterations.A.5.3 The algorithmOur algorithm for the computation of the surface temperature on a facet of an asteroid is thefollowing:1. Determine the insolation function E(t) for the given facet. This is discussed in (B).2. Chose the initial temperature so that T 0j = 4p(1 �A)hEi=(��).3. Chose appropriate initial time step �t0 and spatial steps �xi. (See the example in SectionA.6.)4. Solve the temperature T lj , during the whole orbital period, by equations (A.56), (A.57)using method described in Section A.5.2.5. The second choice of initial temperature T 0j is given by the averaging of the surface tem-peratures T l0 over the whole orbit (i.e., for l = 1; : : : ; L): T 0j = hT l0i, and the temperatureis further computed9 according to 4.6. The third and following choices of the initial temperature are performed simply by T 0j = TLjand the temperature is again computed according to 4. The time step can be smallerand smaller in the subsequent turns. This is repeated until a satisfactory relaxation oftemperature is reached.7rejecting the solution t = 28The fraction is always positive because if yj > yi then yi > 0 and if yj < yi then yi < 09Optionally, with a smaller time step �t1



APPENDIX A. THE HEAT DIFFUSION EQUATION 83A.6 A simple example of temperature behaviourHere we shall present an example of the temperature behaviour computed by di�erent techniquesdescribed before. Let us suppose the situation described in Figure A.5. The body is at a circularorbit, 1 AU from the Sun. We shall focus on surface element dS at the equator. Its insolationE(t) can be express as E(t) = � A sin 2�t=P; t < P=20; t � P=2;with the amplitude A = 1366 W/m2 (corresponding to the 
ux at 1 AU distance from the Sun)and period P = 6 hr. The along-track component of the thermal force corresponding to thetemperature T is f� (t) = 2��3c T 4(t) sin(2�t=P ):
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Figure A.5: Left: The insolation as a function of time. An amplitude is 1366 W/m2. Right:geometry of the problem. More explanation in the text.In the following �gures A.6{A.8 we present the solution of the surface temperature corre-sponding to the insolation E(t),depicted in Figure A.5. A detailed discussion can be found inthe �gure captions of particular �gures.In Figure A.6 we deal with a problem of the right choice of spatial and time steps (forhomogeneous body). We found that the results (temperature and the Yarkovsky force) arealmost independent on the time step (6 s { 600 s). If the initial spatial step is less than �x0 =�0:1`d, the results do not depend neither on the spatial step.In A.7 we show the dependence of temperature and the Yarkovsky force on the spatial stepand the regolith depth. We found the results are nearly independent on spatial step.Finally, in Figure A.8, we compare the results (time dependence of the temperature, thermallag and the Yarkovsky force) of the analytical and numerical model.
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Figure A.6: The dependence of the numerically (modi�ed Crank-Nicolson scheme) computedYarkovsky force and the surface temperature on chosen initial spatial step �x0 and time step �t.The upper row represents the resulting spin-averaged along-track component of the thermalforce in 10�8 N/m units. The middle row corresponds to the maximal surface temperatureand the lower one to minimal surface temperature in K. The left column is a countour plot(here, the dashed line divides the �gure to upper-left area, where the von-Neumann criterionis ful�lled and lower-right one where it is not ful�lled) while the right one is a surface plot.These results correspond to the insolation from Figure A.5. Here, we assume the thermalparameters to be independent both on temperature and spatial coordinates (but the resultswith temperature dependent material parameters are quite similar). The thermal conductivity isassumed K = 0:01 W/m/K, the thermal capacity c = 735 J/kg/K and the density � = 1:7 g/cm3.We can see a near independence on time step in the range from 6 to 600 s. However, the initialspatial step is more important quantity. We found that �x0 should be smaller than � 0:1 `dor 0:01 `d. We can also see that the usage of the modi�ed Crank-Nicolson scheme allows us toprevent a very short time step < 6 s which should be used in an explicit scheme together with�x0 < 0:1 `d (due to von Neuman criterion of stability).
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Figure A.7: The Dependence of the numerically computed Yarkovsky force and the surfacetemperature on the chosen initial spatial step �x0 for various regolith depths. As in Figure A.6,the upper row represents the resulting spin-averaged along track component of the thermalforce in 10�8 N/m. The middle row corresponds to the maximal and the lower one to theminimal surface temperature in K. The left column is a countour plot while the right one isa surface plot. These results correspond to the insolation from Figure A.5. Here we assume(unlike in Figure A.6) the thermal parameters dependent both on temperature and space: Theregolith layer is characterized by the thermal conductivity K = 0:01 + 2� 10�11(T=K)3 W/m/Kand the thickness from 1 to 100 mm, while the core has K = 2:6 W/m/K. The thermal capacity(A.8) and the density � = 1:7 g/cm3 are the same for regolith and core. The results are againnearly independent on a timestep. The dependence on �x0 is fortunately also weak, though itis better to use �x0 < 0:1 `d again.
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Figure A.8: A comparison of results of the numerical theories (solid curves) and the analyticaltheories (dashed curves, according to A.43) for various depths for regolith layer. Upper tworows show the time dependence of the temperature for regolith thickness denoted in upper rightcorner of each plot. It can be seen that there is quite well agreement between the numerical andthe analytical theory for small regolith depths. In this case the amplitude of the temperaturevariations are small (due to highly conductive core) and the linearization in analytical theoryworks well. The lower left �gure shows the dependence of the angle �, between the directionopposite to the Sun and the thermal Yarkovsky force. The lower right �gure shows the de-pendence of the along-track component of the thermal force on regolith depth. These resultsagain correspond to the insolation from Figure A.5. Here we assume thermal parameters de-pendent both on the temperature and space: The regolith layer is characterized by the thermalconductivity K = 0:013 W/m/K and the thickness from 0.01 to 100 mm, while the core hasK = 1 W/m/K. The thermal capacity c is the same for the core and the regolith layer. It is(A.8) for the numerical method and 750 J/kg/K for the analytical method. The density of thecore and regolith is � = 1:7 g/cm3.



Appendix BShape representationIn our work, the shapes of all bodies (both arti�cial and real) are modeled by polyhedrons withthousands of triangular facets. The bodies are represented by a list of vectors, describing thevertices, and by a list of mutual identi�cation (which of the vectors form a triangle). Thisrepresentation is able to describe complicated irregular shapes of small solar system bodies,including craters, mountains or valleys on the surface (e.g., [Simonelli et al., 1993]).For each polyhedron we need to know the volume V (mass), inertia tensor I (principalmoments A, B, C, eigenvectors of I) as well as centers ri, outer normal ni and areas Si for eachsurface facet.Moreover, we need to transform the coordinate system into the one having the origin inthe center of mass and with axes corresponding to the eigenvectors of inertia tensor (x-axiscorresponding to the longest axis of I, z-axis to the shorter one).Here we present a procedure, how to determine these quantities and insolation (includingself-shadowing of the surface) of such a body.Fortunately, any polyhedron (with triangular facets) can be divided into tetrahedrons (sur-face triangular facet forms the base and some point inside the polyhedron represents vertex).We use the procedure published by [Dobrovolskis, 1996] and generalize it slightly, in order todescribe the case of non-convex bodies (with respect to the origin of coordinate system). Wecall the body as \non-convex with respect to the origin", if there exist such a half-line goingfrom the origin, which intersects the surface in more than one point (see Figure B.1).B.1 Basic characteristics of the polyhedron and its facetsConsider the vertices of tetrahedron, which can be described by four position vectors Ei, Fi, Giand 0, which coincides with the origin of coordinate system (see Figure B.1 left). The center ofthe surface triangular facet i, de�ned by the vectors Ei, Fi and Gi, isti = 13(Fi +Ei +Gi): (B.1)The center of mass of the tetrahedron isri = 14(Ei + Fi +Gi): (B.2)
87
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Figure B.1: Left: The tetrahedron with the position vectors Ei, Fi, Gi of the vertices, vectorpointing to the center of surface facet ti and the center of mass ri. Right: a body which isnon-convex with respect to the center of mass (denoted by the cross). This plot illustrates howthe sign of ni � ti depends on the number of intersections of ti with the surface (if the numberis odd, the dot product is negative).Then we determine the number of intersections1 of the line 0��ti with the surface. We denotethis number as �i. In the case of a body convex with respect to the origin, �i = 0.The outer normal to the triangular facet is given byni = 12(Fi �Ei)� (Gi �Ei) (B.3)and ni � ti > 0 must be ful�lled if �i is even while ni � ti < 0 if �i is odd (see Figure B.1 right).The area of the facet can be expressed as Si = jnij and the whole area of a body isS = Xi Si = Xi jnij (B.4)The volume of the tetrahedron is given byVi = 13(�1)�i jEi � nij: (B.5)Note that for �i odd the volume Vi is negative. The whole volume can be expressed asV = Xi Vi; (B.6)1In other words, we have to �nd a number of facets j 6= i which are intersected by the vector ti. This meanswe solve the equation Ej a+ Fj b+Gj c = ti;where the vectors Ej , Fj , Gj describe the j�th facet. If min (a; b; c) > 0, then the vector ti intersects the facet j.



APPENDIX B. SHAPE REPRESENTATION 89where the summation is made over all the tetrahedron volumes (both positive and negative).Assuming a uniform density �, the center of mass of the whole polyhedron is given byr = 1V Xi Vi ri: (B.7)Finally, the tensor of inertia of the tetrahedron can be expressed in cartesian coordinates as(according to [Dobrovolskis, 1996]):Ixx = Pyy + Pzz; Iyz = �Pyz (B.8)Iyy = Pzz + Pxx; Ixz = �Pxz (B.9)Izz = Pxx + Pyy; Ixy = �Pxy; (B.10)wherePjk = �V20 (2EjEk + 2FjFk + 2GjGk +EjFk +EkFj +EjGk +EkGj + FjGk + FkGj): (B.11)Due to simplicity we do not write the index i of the tetrahedron. The inertia tensor of the wholepolyhedron is given by I = Xi Ii: (B.12)After the translation of the coordinate system into the center of mass (r = 0), we can proceedwith the determination of the principal moments of inertia A � B � C and the correspondingeigenvectors according to [Dobrovolskis, 1996].B.2 Insolation and shadowingNext we shall describe a procedure we use to determine the insolation E (W=m2) of a facet.There are three possible cases:Facet pointing away from the Sun. The facet i is in the shadow and the insolation is zerowhen the outer normal ni and the direction to the Sun s ful�lls the relations � ni < 0: (B.13)Sunward facet shadowed by another facet. The facet i is pointing towards the Sun, ifs � ni > 0: (B.14)However, even this sunward facet can be shadowed in case of non-convex shape of polyhedron.We must test every surface facet j 6= i whether it casts shadow on the facet2 i: The facet i isshadowed by another facet j if the ray3, de�ned by the center of facet ti and the vector s, liesinside a tetrahedron de�ned by vertices ri, Ej � ri, Fj � ri and Gj � ri. This means that wesolve the set of 3 linear equations2It is necessary for sunward facets only.3This ray can be described as ri + qs, where q is positive.



APPENDIX B. SHAPE REPRESENTATION 90(Ej � ri) a+ (Fj � ri) b + (Gj � ri) c = s; (B.15)for three unknowns a, b, c. The facet i is shadowed by the facet j ifmin (a; b; c) > 0: (B.16)Again, the insolation of this facet is E = 0.Non-shadowed sunward facet. If the facet i obeys (B.14) and moreover there is no facetj 6= i that obeys (B.15) with (B.16), we can say the facet i is insolated and its insolation isE = � s � ni; (B.17)where � is the solar 
ux.This procedure is very CPU time consuming so we had to accelerate it somehow. We describevector s by spherical coordinates ' and #, conected with body-frame. For any ' = 0 : : : 360�and # = +90 � � � � 90 (with a 1� step) we determined all sunward facets which are self-shadowedand stored their indices into a �le.The computation of the insolation of a polyhedron along its orbit about the Sun is made inseveral steps. At �rst we determine the position of the Sun s with respect to the body frame.Then the insolation (B.17) is calculated for sunward facets (B.14). Finally, the insolation ofshadowed sunward facets corresponding to the vector s (described by ', #), whose indices hasbeen stored in the �le, is set to zero.



Appendix CGaussian random spheresDue to a limited number of precisely determined shapes of asteroids we turn our attention to arti-�cially generated shapes by the technique of Muinonen (e.g., [Muinonen, 1996], [Muinonen, 1998],[Muinonen and Lagerros, 1998]). These shapes are called Gaussian random spheres. The radiusof such a body in the direction given by spherical angles � and � may be expressed asr(�; �) = ap1 + �2 exp [s (�; �)] ; (C.1)where a is the scaling factor and � is the variance of r. The \logradius" s(�; �) is given by aspherical harmonic developments(�; �) = 1X̀=0 X̀m=0P m̀(cos �) �a`m cosm�+ b`m sinm�� : (C.2)Here the coe�cients a`m and b`m are independent Gaussian random variables with zero mean,and variance reading �2̀m = (2� �`0) (`�m)!(` +m)! c` �2 ; (C.3)where �2 = ln(1 + �2) and �`0 is the Kronecker symbol. The model then depends on the scalingfactor a, the variance � of the distribution of surface heights, and a set of parameters c` fromEquation (C.3).[Muinonen and Lagerros, 1998] analysed accurately known shapes of 14 asteroids and theyobtained best estimates of the parameters � and c` for their sample of asteroids. These param-eters, determined for 7 smallest and 7 largest bodies, slightly di�er. The most useful data forour purpose are those for smallest bodies1. The standard deviation � of radius is then 0:245and the coe�cients c` are listed in Table C.1.We used these parameters to generate a set of 1000 Gaussian random spheres. These bodiesare scaled to have the same volume as the sphere with radius 10 km. Figure C.1 shows thedistribution of the dynamical ellipticity (C � (A�B)=2)=C and triaxiality parameter A=B forthe set of 1000 Gaussian random spheres. The quantities A < B < C denote the principalmoments of inertia. Diamond symbols in the �gure denote the values for several real objects(not used in Muinonen and Lagerros' analysis).1Namely: (4769) Castalia, (4179) Toutatis, (1620)Geographos, (915)Gaspra, Phobos, Deimos, (243) Ida.91



APPENDIX C. GAUSSIAN RANDOM SPHERES 92` c` ` c`0 9:5431 � 10�3 6 6:7379 � 10�31 2:1972 � 10�1 7 2:6938 � 10�32 6:2665 � 10�1 8 2:8687 � 10�33 8:3670 � 10�2 9 5:6931 � 10�44 3:1648 � 10�2 10 3:9023 � 10�45 1:5512 � 10�2Table C.1: The coe�cients c` from Equation (C.3). Adapted from table 5, column \Small" in[Muinonen and Lagerros, 1998], computed for seven smallest bodies under study (see the text).
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Figure C.1: Shape characteristics for 1000 arti�cially generated Gaussian random spheres. Upperleft (a): Distribution of the dynamical elipticity (C� (A+B)=2)=C. Upper right (b): triaxialityparameter A=B. Lower �gure (c): the windmill factor 'w. The arrow denotes the median ofabsolute values, which is 0:014, and the diamond symbols indicate the values of these parameterscalculated for real objects.Figure C.1c depicts the distribution of the absolute value of windmill factor ('w) de�ned byEquation 3.11 within the set of 1000 Gaussian random spheres. (The windmill factor correspondsto the strength of YORP e�ect and depends on the shape of body.) There are also values forseveral real asteroids in the plot. The median of windmill factor is the value 0:014. The shapesof 200 Gaussian random spheres can be seen in Figures C.2 - C.7.
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Figure C.2: Gaussian random spheres no. 1 : : : 35
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Figure C.3: Gaussian random spheres no. 36 : : : 70
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Figure C.4: Gaussian random spheres no. 71 : : : 105
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Figure C.5: Gaussian random spheres no. 106 : : : 140
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Figure C.6: Gaussian random spheres no. 141 : : : 175
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Figure C.7: Gaussian random spheres no. 176 : : : 200



Appendix DShape models of real asteroidsHere we shall to present the shape models of asteroids that were used for our study of the YORPand Yarkovsky e�ect. All the bodies are represented by polyhedrons with typically several thou-sands of surface triangular facets. Their axes coincide with the main axis of inertia tensor andthe origin is considered in the center of mass (assuming an uniform density). The shape modelsof the following asteroids are available from http://www.psi.edu/pds/asteroid/: (433) Eros,(1620) Geographos, (6489) Golevka, (25143) Itokawa, (243) Ida, 1998KY26, (4197) Toutatis.For each asteroid there is a �le with the following format:v x1 y1 z1v x2 y2 z2v x3 y3 z3...f i1 j1 k1f i2 j2 k2f i3 j3 k3...The �rst part of the �le represents a vertex table, each row starts with the letter v andcontains x, y, z coordinates of one vertex. The second part is a facet table, containing thelinkages the vertices into facets. Each triangular facet begins with the letter f. Note therelationship between the number of facets nf and the number of vertices nv is nf = 2nv � 4 forthe body consisting of triangular facets. All important quantities, like volume, inertia tensor,area of facets, etc., were determined by the technique described in Appendix B.For all the bodies, which were used in our research of the Yarkovsky=YORP e�ect, wecomputed the parameter 'w, describing the windmill asymmetry, see (Equation 3.11). (Thewindmill factor is dimensionalless quantity which depends only on the shape of the body andcorresponds to the strength and \sense" of YORP e�ect.) The values for particular bodies canbe found in Table D.1. The shape models can be seen in Figures D.2 { D.8.Golevka -0.0009 6053 -0.0064 Deimos -0.0121Castalia 0.0031 Bacchus 0.0067 Eros 0.0219Gaspra 0.0054 1998KY26 0.0080 Kleopatra -0.0354Geographos 0.0054 Itokawa 0.0111 Ida -0.0436Table D.1: Windmill factors 'w for 11 asteroids and Deimos.99
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Figure D.1: The shape model of (1620) Geographos based on radar and optical observations.Dimension of each box is 8000 m. ([Hudson and Ostro, 1999]).

Figure D.2: Another shape model of (1620) Geographos determined by the lightcurve inversionmethod. Dimension of each box is 8000 m. (J. �Durech, personal communication).
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Figure D.3: The 4092-facets model of (6489) Golevka. The dimension of each box is 800 m.([Hudson et al., 2000])

Figure D.4: The 4092-facets model of 1998 KY26. The dimension of each box is 30 m.([Ostro et al., 1999])
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Figure D.5: The model of (243) Ida composed from 4036 surface triangular facets. The dimensionof each box is 40 km. ([Thomas et al., 1996])

Figure D.6: The 12796-facet model of the asteroid (4179) Toutatis. The dimension of each boxis 6 km. ([Hudson et al., 2003])
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Figure D.7: The model of (25143) Itokawa. The dimension of each box is 800 m. At present, amore accurate shape model is available (e.g. [Demura et al., 2006]). Here we show the modeldetermined by [Ostro et al., 2004].
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Figure D.8: The 7790-facets model of (433) Eros. The same model with reduced number of facets(1708 facets) was used for the study of the K in
uence on the YORP e�ect. The dimension ofeach box is 40 km. ([Miller et al., 2002])
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